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| MoraDivision(P, {Py, -+ , P}, <1)]

input | P, Py,--- , Py, € D[y]
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}
R— (ssRO P OODODDODODO)
U~ (00000 P OO0DDOO0)
if (i <m){
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Q] — Qljlls=1
R — R|s:1
a < A's:l
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3.5 Localb OO ODODO

Z0 Amnpyf*0 fOD0D00D Dyyls)] 000000000 ZNC[s] 00000 local b0000
00000 De,l[s) 0000000000000 000000000000000000000000
000000000000000000000000local 000 1,--,2,(< 1) 00000 global
000 s(>1)000000000000004,--,2,<1<s0000000000000000
0000

0000000000000000000000000000000000 section 100007 O
Da,[s) 00000000 GOOOO000 GOOODOO Dy,ls) 0000000000 000000
000 Z000000000000000000000local b00 b(s) O global b 00 b(s) 00
000D00Ks) 00000000 ZO000000000000000000000000 local b0
0 b(s)0000

Algorithm 3.11. (local b 00000 OOOOODO))
o] 7 < €l
:fD local b O O

H «— Amnp 4f° 0000

IT—(Hu{f}0OOODO Dyuls)0O00DO)
G—700O0O00ooo

BF «— f 0O global b 00O

L—Broooooo

LF—L0O0000 GO MoraOODOOODODODOOOODOODOODO
return LFO0O0O00O00O00O0O

Example 3.12. ( f=2}(z; +1)>0 local b00000)

f=a%(z1+1)> 0 global b0 0 b(s) = (s +1)(2s4+1)(3s+1)(3s+2) 0000 Annppg f* 00
000 {g1 =2s+5szy —210y — 2101} 00O00J O Dyyls]-{f,g2} 0000J 0000000 G
0 {f,g:} 0000b(s) 0000000GO MoraOODOOOODOOOOO0000O0ODO

o L(s+1)(2s+1)(3s+1)(35+2)
o s+ 1)(2s+1)(3s+1)

(s+1)(2s+1)(3s+2)

o=

(s+1)(2s+1)

Do
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000000000000000 4(s+1)(25+1) 0000 f0 local b0 000000004 (s41)(25+1)
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;S+DQS+DfS - (40y + 142101 + 10230, — 12 — 1521) - 0y - f*1

1
n 5 ($1+1)2(51‘1+2)3
goooo

OO00D00O0000O000DDOglobal b OO0O0D0O0OO0O0OOOOOODOOODODOOODOOODO
gbboooOobooobooboboooboooooobooooboooooboOoboooOobooon

g(s) €eINC[s] < 3(g(s) 00 0O) €eZTNCls]
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global b 00O 0O

b(s) = b1(s)*ba(s)* -~ bi(s)” (bi(s) =s+a; a; € Qxp)
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fi = b(s)/bi(s)
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0004 0000Z0000000000000000 ZINnC[s]00000b(s)0000000000
00000000 m>0000000000000 g(s) = ged(fi,(s),-+-, f;,.(s)) 000 Og(s) €T
000000 b(s) 0000 ¢(s) 000000000000000000000000000000
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Algorithm 3.13. (local-b OO0 OO0 (COOOOOOO))
localb-rr(f)

input | f € Clx]

output | f O local b OO

H «— Amnp 4f° 0000

IT— (Hu{f}y0ODOO Dyu,ls) 00000 )

G—7ZT00O0Oooao

BF «— f 0O global b0 0O

LF «— BF

while (true) {
LF =by(s)e - -by(s)* (b(s)=s+as,a; €Qs) 000000000 (LFODODOODDO)
fi— LF/bi(s) (1<i<1,000 by(s)|LFOODOODO000)
fi0Z700000000D00DOO0O0Od
(i 0 GO MoraOOOUODOOUOODOOOODOOUODOOOO OOODOOODOOODO)
if (fi ¢ Z(1<Vi<l)

return LEF
fi,-, fi, €200000000
LF — ng(fila' o 7f7},,L)
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Example 3.14. (f=(zx—1)>+ (y+1)2 0 local b0 0)

f=@-17°+(y+1)>0 global b0 DO b(s) = (s+1)(s+ 2)(s+ %) 00000000000 f
O0000DOoOOoo000o0oooobOoOd el dbDOO s+100000000O0DODDOODOOO
gooooo
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0000Z O Dayls]- {f, 91,0} 0000Z 0000000 GO {f,g1,90} 0000

fggDDDDDfD GO MoraOOODOOOODODOODOODODOODOODODO gOODOOODOO
goooo
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b(s) D0 DOD0O0O0DOO0O0OODOO0OOO

0

@

5
fi= (8+1)(8+6>

f2=(s+1)(s+g) <0
fa=(s+ %)(s + g) £, non-zero

(s+1)=ged(f1,f2) DO OO
s+150

0000000 localb00 b(s)=s+1 0000000000

4 Local b ODDOOODOOOODODDOO 2

~

D[s) 000000000 (Theorem 4.5) 0 0000000000000 (Algorithm 4.6) D000 0
000000 local b 0000000000 (Algorithm 4.10) 0000000000 0000000
00000000 (990000000

00 Section 00000000000 O00OLEL(f)0 f0000000000000OO00Exps(f)
0 f0000000000000000000000Mono(A) (A= {a, - ,an | & € (Zso)"})
0000000000 ADODDOOOO0OO00D00000000Mono(4)=U,(a+ (Zse)®) D000
00000 POO0OOOOD e000000rd(P)0 PO e00000000000O000OPOO
00000 e000000000000000000O00000OOiIn(P)0 PO e00D0000O
00000000POO0O00O e000000000000000000000000O0000O

41 C[z]]00000000000O0OOOO0

DOOO0OOO0OOO0O0ODOOOODOODOOOONONOOOOn Cllz]) DD O0UDOO Weierstrass-
Hironaka 0000 (WHODOO)OOODDOOODDOO C¢]] DO0DODO0OOO000OO00
oood

0000000000 0o0o0oDo0o0o0o0o0oUo0ooUooooUs o0oo0ooo
000000000 M-reduction, M-Grébner basis 000000 00)
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{z°} (a € (Z»o)") 00000 <, 00000000000000000

1‘1 DRI x/n/
-1 -1
( 000000 < )

00000<,0Clz]000000000D0DO<, 0000000000000 OOOO0OOOODO
gboboobOoboooobooobooboboooooboooooboon

O00000feC[z]]0 DO0O0OUODOOOOD <. 000000000O0DOOOOOOOOO
oooooboooogo

Lemma 4.1. (0000000000)
Dooooooo0d {zoM,... 226} (a(i) € (Zso)") O feC[2]] 0000000 q1, - ,qs,7 €
Clzj0O0O0D0OO0DOOOOOOOOD

f=qa*® + 4 g™ 4y
¢ #0000 LM, (¢:2*?) <, LM< (f)
r #0000 Exps(r) N Mono({a(1),--- ,a(s)}) = ¢

gboooboobooobooboooooobooooobooooooon

Theorem 4.2. (Weierstrass-Hironaka 00 0000 ,[3])
feClz]],f#00 G={g1,---,9s} CCl[z]] DODODOOO ¢1,---,¢s,r €C[[z]] DO T OODO
ooooboood

f=qagn+ - +qgs+r
¢; #0000 LM, (gigi) < LM<, (f)
Exps(r) N Mono({LE<, (1), -+ ,LE<, (gs)}) = ¢

O00000dO0 MoraOODOODOODOODOODOO »r00D000ODO0OO reducer 00O
oo00o0o00O00o0ooO0o00ooo0o0ooDbO0o0o0oDoO00o0bOoO000o0DOb00 Mora OO
ooooooooooo0o0ooooo0o wHOOOODODODOOOOOOoOooooOoOoDOoDOOoOoo
gboobooaboobooboobooboobooboobooboobooboobooong
gbooobooboobooboooboobbobbobooboobooboobooboboooboo

Algorithm 4.3. (WHOOODODOO)

fE(C[.T],G:{gh“' ,gs}CC[l'],NEZ>O
7’1,.. Q.. R.FeClz]0000000

f=Qig+--+Qgs + R+ F
Q#0000 LM, (Qlg:) <, LM (f)
Exps(T) 1 Mono({LE<, (g1), -+, LE<. (g:)}) = 6
Q00000 N-|[LE. (¢)—1000 00000
R O000O0 N-100000000

’ WH-approximate-division(f, G) ‘

Fe f,Q;«0,R 0,30

while (F # 0 and |3] < N) {

[Q, R] «— mono-div(F,G) (Lemma 4.1 00 0)
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ﬂi‘_ mE(<T({LE<T(ngl)7 T aLE<r(ngs)7 LE<T(R)})
Q- Q0
R — R +R
F——=%7  QiRest (g;)
}
return [Q', R/, F)

000000000000000DP000000000000000 (Algorithm 4.6) OO OO
gono

Example 4.4. (WHOODOODOODOOD)
f=2,G=142,N=5000 (WH-approximate-division(z,{1+«},5)) 0000000000

mono-div Q R Q' R F g
0 T 0
xr=x-140 x 0 x 0 -z x LE(x)
—2?=—-22-140 —2? 0 r—a? 0 —(—2%)-z LE(—2?)
2 =23-140 30 r—z%+ 23 0 -2z LE(z?%)
—at=—2*-140 —z* 0 r—a?+ 23—zt 0 —(—2%) -z LE(-z2%)
P =2°-1+0 ¥ 0 z—22+23—a2t+25 0 —z° -z LE(z®)
oono
r=(@x—2*+2° —2* + 25 - (1+2)— 2
googd

oooo0ooOoO0o0o0ooOO0 wHOOOODDODOOODOOO

x

xTr =
1+z

=@—-2*+2* -2 +2°—-- ) - (1+2)+0

(1+2)+0

42 D O0O0O0O0O0OO0OO0OOOOOOOOOO0

Castro0 4/ 00000DP 0000000000 OWHOOOOODODDOOOOOOOOODOOO
000000000000000000000000000000000000000000000
000000000000000000000000000000y=(y)0 0000000000
ooooo

< O section 3.1 00000 {z*fy} 00000000000 {z*f} 0000000 <, O
00000<, 00000000000

Ty o Tn oy & s &
-1 v -1 =1 =1 - -1
( <, 000000000 < )

obooobOoo0o0 egbogonooooOoOO

R RS S )
o --- 0 1 1 - 1
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000 <, 00000000000000000000|8|4+y|=18|+4//00 (0000 00
0D000000000), 2%PyY <1 22 €%y o 2268y <, ¥ ¢y 00000000LM,, (P) =
LM, (in.(P)) 000000

D[y 000000000000000 D 0000000000D 000000000000
000000000000000000D[y 00000000000000000000000 <
0000000000000

~

Theorem 4.5. (D[y] 000000000 ,[4])
PP, .- P,eDly000000000000000 Q,-+-,Q,,ReDy 000000

P=@QiP+ - -+Q;Ps+R (1)
Exps(R) N Mono({LE, (P1), - ,LE<, (P)}) = ¢ (2)
Qr #0000 LM, (QuPy) < LM, (P) (3)

000000000 00O00D Dyj00C00O0DOU00U0OO0OU0CO0OUDOO0OOO0OOOOOoOOn
0000000000000 0000000OWHOOOOOOOOOOOO (Algorithm 4.3) OO0
oooooooogo

~

Algorithm 4.6. (D[y] 0000000, [9)
input | P, Py,--- ,Ps € D[y], N € Zg
output | Q1,- -+, Qs, R € D[y] s.t.
P=Q\Pi+---+QsP;+R
Qi #0000 LM, (Q:P) < LM, (P)
{a | o € Exps(R), || < N} N Mono({LE<, (P1), -+ ,LE<, (Ps)}) = ¢
Q,00000 N—|LE.,(P)|0000000000000
ROOOODO NOOODODOOOODOOODO
’ D-approximate-division(P,{Py, -+ , Ps}, N) ‘
Q<=0 ,Qs—0,R<P
mg + orde(R)
for (k — 0;k <mg;k —k+1)
My, — max({|LE<, (P;)| + 2(max(k — ord.(F;),0) | 1 < i < s})
Bound — N + 7" M;
for (k —mo;k >0k —k—1){
T« (ROODODDDD k00000 Bound 0OOOOO0O0OO)
(¢}, 7] «+ WH-approximate-division(7, {in.(P,), - - ,in.(Ps)}, <., Bound)
Qi+ (0 €0 000000OD)
R~ R->Q'P,
Qi —Qi+@Q;
Bound < Bound —Mj,

}
return [Q, R

Example 4.7. (D-approximate-division 0 00 0)
P=0>P=(1+2)0+2000000000000000 D-approximate-division(P,{P;},5)
goooooooo
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ubooobooooooao

1 1 r—1
2 =(——0———)((1+2)d
(1779 173 +2)d+ o)+
ogooooo
1 1

T2 1+x:(1—x+x2—x3+x4—---)(6—1)

oogoooooo
rz—1

1+z
gooobbobbooooooboo
D-approximate-division(P, {P },5) 0000000000
R — P,mg < ord.(R) =2
My — 1, My «— 1, My «— 3
Bound «— 5+ (1+1+3)=10
7« (ROOD 20000 Bound 00 0DDO0) = ¢2

= 1420 —22%2+22% — 22 +22° — ...

(¢}, '] < WH-approximate-division( 7, in.(P;) = (1 + z)¢, <,,Bound)

(52:(1_95"'1‘2—-~'+$8)§'(1+$)§+—x9§2DDDDE:(1—x+x2—~--+x8)§,ﬁz_3¢9§2
oooo)
Qi (1—z+a?— - +2%0

R—R-Q\P=-2?-0—-29—1+a—a+ - +a" — 28

Bound —~10-3=7

F— (ROOO 10000 Bomd DOODOODO) =—¢

(¢}, "] « WH-approximate-division( 7,in.(P;) = (1 + 2)¢, <,., Bound)
(=¢=—-(1—z+a? -2+ +2%) (1+2)+27€0000¢, = —(1—x+x2—z3+---425),7 = 27¢
oooo)

Qi —(1—z+a?—a®+-- +2%

EHEfQi’lpl = 2%+ 276 — 2% — 1420 — 222 + 223 — - + 227 — 28

Bound —~7—-1=6

T— (ROOO 00000 BoundOODODOOO) =1+ 2z — 222 + 223 — 22* + 225

[q7, 7] — WH-approximate-division( 7,in.(P;) = (1 4+ x)¢, <, Bound)
F=0-(1+2)¢+70000q¢,=0,7=70000)

Q<0

R—R=-2°?-0-2°9—-14+z—2?+ - +27 -2

gbooaod

FP={1l-z+2®+ - +20-(1-z+2>— +2°} - (1L +2)0+2)+
— 299?294+ 2790 -1+ 20 — 222 + 223 — 22 + - + 227 — 2B

oo0o0000O0000ooo
—1+ 2z — 22% 4 223 — 22*

gbooobooboooooboooooboo
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43 INC[s)000000000

~

Djs) 00000 Z00000ZINC[s|0000000000000000PO 000000 GO
000 (Theorem 4.5) 000000000000NF(P,G,<,) 0000
g(s) =as' + a1 1+ +4o€7000000000000000GO Z000000000
O0O0O0global b 00000000 (Algorithm 2.1(22.)) 0000000

g(s) €T & NF(g(s),G,<1) =0
& alNF(sl, G, <1) + al_lNF(Slil, G, <1) + -+ aoNF(l, G, <1) =0

goooooooo NF(Si,G,<1)DDDDDDDD
alNF(Sl,G, <1) + alleF(Sl_l,G, <1) —+ -+ Cl()l\IF(l,G7 <1) =0

0000000000010 a,-,60€CO00000000ZNC[]0000 as'+---+ao0
0000000000

00000 Ds)|000000000000 NF(s,G,<;)000000000000000000
000000000000000000000000000

Definition 4.8. (0000 0OO)

PeD[s|0 Djs) 0000000 Z00D00000 GOOOODOOODOOD 4600000
00000000 PO GOOOO N-100000000000O000O0O0 ROOPO GOO
0 <, 00000 N-100000000000000NF(P,G,<;,N)O0OOONF(P,G,<;) 0
NF(P,G,<;,N) 000000 N-100000000

D0000D00D000 ZNC§|0000000000000000000000000000
aNF(s', G, <1,N) 4+ a;_1NF(s"1 G, <1, N) +-- -+ aoNF(1,G,<;,N) =0

00000000000000000 a8t +a 187t +---+a€Z 000000000000
D[s)0000 PO ZUOOUOOOODOOOOOUOOMoraD0OOODOODOOOO (340000
0000000 000 PeZUOOOOOOOUOOO P¢ZOOOO
INCsj0000o00o0o00o0ooOo0Uo0DOo0U0oUO0U0oUOODU0oLDLOOooUoDUOO
oono

Ld7N = {(ao,--~ ,ad) S (Cd+1 | adNF(sd,G,<1,N) + ~--+a0NF(1,G,<1,N> = O}

Ls= {(a()y e ,Cld) € (Cd+1 ‘ adNF(sda Ga <1) e aONF(la Ga <1) = O}

70 <, 000000000000 GU0OO0d0O0D0O0O0O0O0O0D (dO0 ZINClsjO000oO0On
0000000000ooO0oU0Oo0oU0oOoU0oOo0OD)0oO00oO00O)0DOooNOOOOOODOOOO
gboooboooobOoboooooboooobooboooooon

Lin > Lint1 DO Lant2 D -+ D Lg
@] U U U

Lgin DO Lganyi D Lgint2 D -+ D Lg
@] @] @] @]
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INCls) 000000 L; #{0},L;_1 ={0}00i00000L; 00 (ag,---,a;) 000000
Oas'+--+0 0000000000000000000000000000000

Algorithm 4.9. (ZNC[s)]DO0OO0OO0OO, [9])

1. Lan,Lg_1n,--- 000000 Ly #{0},L;iyy={0}00 i0000(000000000
Lii=Li,=---={0}000000)

2. (a5, ,a0) € Liy 0000000g(s)=ais'+---+¢ 000000000

3.95)0 GO <, 0000 MoraOOOODODODOOOOO ROOOOR=00000g(s) €T
0000 (ag, - ,a;) € L; 00g(s) 0000 INC[s)|00000000R#£00000 N O
10000 1.0000

NOODO ODODOOOoOoOOoDOOo0oooDoDOoON=d+100000000000

0000000000000000
ANy € N,Vn > Ny sit. Lin =L; (j=0,---,d)

00000000000 (@MUuoo0oU0O NO NyOOOOooooooo)

44 local bO0000O0O

Algorithm 4.10. (0000000000 lecalbO0O0O0ODOOOOOO,9)
feClx] 0000000 local 00000000 0UOOOODOOUOOOODO

1 Amg, f 00000 HOOO

2. HO f00000 D[ 000000 Z00000000ZNC[s]00000 local b00 b(s)
0000

1. 0 Annﬁ[s]fsDDDDDDAnnD[s]fSDDDDDDDDDDD

2.0000000000D00C0C0O 4900000000000 localb000O0OO globald O
O00000000000000Oglobal b 00000000 D0OO0O0O0OOODOOOOO INCs]
ubooooobooog

obooooobooog

Example 4.11. (f =2%(y+1)?22 00000 local b0 0)

00000000000global 5000 (s+1)3(s+1/2)30000local b0 00 (s+1)%(s41/2)2
0000

Amngy, f* 0000 HOO

{P1 =—25+420,, P, = 20, — 20;, P3y = =0y — y0y + 20, }
J=D[s|-(HU{f})O <, 00000000000 GOO
{f,P1, Py, P3, Py = —2%0% — 2y210% — 42220% — 4230, — 8y230. — 49?230, — 22° — 4y2? — 2?22,

Py = 2230, 4 22y2°0, + xy*230, + 2x2% + day2? + 22y°2?)}

19



d=6,N=70000NF(s",G,<1,N) (i=0,---,d) 0000000

NF(1,G,<1,7) =1
NF(s,G,<1,7) = 1/220,

(

(
NF(s%, G, <1,7) = 1/4220 + 1/420,
NF(s3, G, <1,7) = 1/82302 + 3/8220° + 1/820,
NF(s*, G, <1,7) = —3/82%0 — 31/162%02 — 31/1620, — 1/4
NF(s°, G, <1,7) = 23/322302 4 135/32220% + 157/3220, + 3 /4
NF(s%, G, <1,7) = —9/82302 — 447/642%0% — 555/6420, — 23/16

good
Ld7N = {(ao, s ,ad) S cd | adNF(sd,G, <1,N) + -+ aoNF(l,G, <1,N) = 0}
Ld = {(a07 e 7ad) € (Cd ‘ CLdNF(Sd,G, <1) +oee a’ONF(laGa <1) = O}
Ooo0O00000000000000Ley,Lsy,--- 000000000O0OCO
Lo.w ={co(1/4,3/2,13/4,3,1,0,0) + c1(—3/4, —17/4, —33/4, —23/4,0, 1,0)
+ ¢(23/16,63/8,231/16,9,0,0,1) | ¢; € C}
Ls7 ={co(1/4,3/2,13/4,3,1,0,0) + c1(—3/4, —17/4,—-33/4,—-23/4,0,1,0) | ¢; € C}
L4,7 :{00(1/473/2> 13/4333 17070) | ci € (C}
Lys = {0}

O00000Ly=Ly=---=Ly={0}00000000000lcalb000000 300000
0000000O(1/4,3/2,13/4,3,1,0,0) € Ly7 00 0g(s) = s* +3s® +13/4s? +3/2s +1/4 O local
»O0DDOODOOODDOO ¢gs)0 GO <, 0000 MoraO0ODDOOODOODOO 000000
000000000g(s)eJ0000g(s)0 JOOOODD s00000000000000000
O000Og(s) 0 localb0O0OOOO

5 Timing data(local b OO OOOCOOOODOODODODO)
fOlocal b 0000000000000 000D0D0D0D0OD0DOD
1. Anng, f* 0000000 Ampyf* 00000000
2. T=Amg f*+D[s|f 000000000
3.INClsl000000

1. 00000000000 Ampgf°0000000000D0D00000000 ([12], [2]00)0
oooo0zooooooon
.00000b00o0oboooooaon

3a. 00000 (Algorithm 3.13000)

3b. DO0O0OUODOOOOOOO (Algorithm 4.9)
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0000 (3a),(3b) D OO OO localb-rr (round-robin), localb-nf (normal form) 000000000
2.00000000000000000O0A0 (Section 3.4)

2a. D[s] 0000 MoraOODOUOUOOOOOOUDOOOOODBuchberger 000000000

2b. 0O0O00DOOOOOOOOOOOOOOOODOOOODOOOODOOOODODOOOO

oo oooob bbb ooooonobooo
O0O0GBOOO (2a.) (MoraOOOOOOOOD GBOO)OOOODODOOOOOOODOOOO
000000 machine 00000OCPU : Athlon MP 1800+ (1533MHz) x 2, Memory : 3GB, OS :

FreeBSD 4.8
’ f 7z GB GB OO ‘ localb-rr ‘ localb-nf ‘ deg ‘ locdeg ‘
z4+y>+ 22 | 0.00504 0.0190 5 0.00958 0.0176 1 1
22 + 4% + 22 | 0.00524 0.00157 5 0.0127 0.0302 2 2
23 +9% 4+ 22 | 0.00637 0.0298 6 0.0312 0.0760 3 3
ot + 9% + 22 | 0.00631 0.0317 6 0.0711 0.153 4 4
25 +y? + 22 | 0.00624 0.0306 6 0.142 0.552 5 5
28+ 92+ 22 | 0.00619 0.0291 6 0.291 1.53 +0.322 | 6 6
27 +9% 4+ 2% | 0.00610 | 0.0281 + 0.0170 6 0.542 4+ 0.198 | 2.77 + 1.13 7 7
2% +xy? + 22 | 0.0260 0.172 10 0.849 0.208 4 4
2t +xy? + 22 | 0.0566 0.140 10 0.446 0.819 + 0.335 | 6 6
25+ ay? + 22 | 0.0903 0.194 11 0.410 0.850 6 6
2% +y* + 22 | 0.00858 0.118 9 0.461 1.04 6 6
23+ xyd+ 22 | 0.0110 | 0.236 + 0.337 11 2.68 + 0.338 | 2.90 + 0.680 | 8 8
3+ 9%+ 22 | 0.00979 0.123 9 5.39 +1.02 | 423+0689 | 9 9
O0D00GBOODO (2b) (00DDOOD GBODO)ODDOODOOOOOOO
’ f T GB ‘ GB OO ‘ localb-rr localb-nf ‘ deg ‘ locdeg ‘
r+y%+ 22 | 0.00504 0.00494 11 0.0176 0.0305 + 0.0160 | 1 1
22 +y? + 2% | 0.00524 0.00224 5 0.0134 0.0319 2 2
23 4+9% 4+ 22 | 0.00637 | 0.0694 + 0.0192 26 0.0154 4+ 0.037 | 0.303 + 0.0727 | 3 3
ot + 9% + 22 | 0.00631 1.41 4+ 0.27 92 1.97 + 0.653 2.93 + 0.838 4 4
25 +y? + 2% | 0.00624 7.23 + 1.51 176 8.80 + 3.80 23.1 + 5.12 5 5
28 4+ 9% + 22 | 0.00619 33.0 + 3.25 322 35.7 + 17.3 128.3 + 26.9 6 6
2T +y?+ 2% | 0.00610 | 137.5 + 24.1 559 124.5 + 67.07 | 423.1 + 134.5 7 7
22+ xy? + 2% | 0.0260 0.107 32 0.258 0.577 + 0.337 4 4
2t +xy? + 22 | 0.0566 2.29 + 0.338 138 4.22 + 1.04 7.07 + 4.86 6 6
x® +xy? + 22 | 0.0903 32.6 + 5.47 446 21.9 + 6.97 35.0 + 10.7 6 6
23 +yt + 22 | 0.00858 1.45 110 4.66 + 1.05 7.17 + 1.72 6 6
22+ ay® + 2% | 0.0110 1.09 101 7.55 + 1.71 16.4 + 2.06 8 8
3 4+9° + 22 | 0.00979 18.3 + 2.82 319 39.1 + 9.27 54.4 + 12.9 9 9
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0000000 MoraODOOOOOOO GBOOOOOOOOOOOOOOOO GBOOOOOO
O0000D0O0O0000000 lecalbOOODO0OOOODODOOOOOOOOODODODODOOOO

GBOOOOOOOOUOODOOOODOOOODOOOODOODOOOO

000000000000000000000000 (1210000000

000 (2a)(Mora 0000000 GBOO)OOO0O0D000

’ f A ‘ GB ‘ GB OO ‘ localb-rr localb-nf ‘ deg ‘ locdeg ‘
x4 23y + o8 0.70 7 7
ot 4 22y? 4yt 0.0061 0.0138 4 0.0980 0.280 6 6
3 4+ 22y + 3 0.031 0.0748 5 7 7
234+ y3 + 23 0.0062 0.00162 5 0.0696 0.231 5 5
28+ gyt + 23 0.0134 0.052 7 307.1 + 28.4 18 18

o3+ Y222 0.029 0.0462 15 0.165 0.460 7 7
(23 — y222)? 0.102 | 7.49 + 1.67 26 48.1 +8.82 | 17.3 +3.42 | 14 14
Y 0.013 0.0827 9 1.31 +0.330 | 2.88 + 0.331 | 13 13
xd — 228 0.0088 0.0265 6 14.3 +2.67 | 11.0 +2.03 | 17 17
3 +y3 — 3zyz 0.019 0.473 12 0.210 0.644 5 5

22+ %+ 22— 3xyz | 0.013 0.140 8 0.0304 0.0.962
y(x® — y%22) 0.014 | 16.7 + 3.43 31 125.1 4+ 25.8 | 49.3 +10.5 | 18 18
y(x® — y?22) 0.644 | 2.65 + 0.668 22 1.61 + 0.335 | 3.18 + 0.673 | 10 10

y((y + 1)a® —y?2%) | 0.284 11 10
00 (2b.) (000000 GBOO)ODDOODOO

’ f ‘ A ‘ GB ‘ GB OO localb-rr localb-nf ‘ deg ‘ locdeg ‘
20 4 23y + o° 0.70 0.052 2.585 + 0.712 7 7
ot 4+ 22y? + oyt 0.0061 | 0.0019 4 0.0869 0.226 6 6
o3 4+ 22y? + 43 0.031 0.018 19 0.1304 + 0.0170 7 7
34y + 23 0.0062 |  0.0025 5 0.0714 + 0.0173 0.226 5 5
20 4+ yt 4+ 23 0.0134 18 18

N 0.029 0.016 21 0.257 + 0.0265 0.372 7 7

(23 — 5222)? 0.102 0.0932 49 45.93 +3.621 | 12.7+3.63 | 14 14

x5 — 222 0.013 0.092 48 6.042 + 0.389 | 5.09 + 0.756 | 13 13

x° — 228 0.0088 |  0.0028 6 13.96 + 0.933 | 12.6 +4.60 | 17 17
2%+ y3 — 3zyz 0.019 0.020 12 0.161 + 0.0265 0.48
23+ y% + 2% — 3zyz | 0.013 0.012 8 0.0286 0.0937

y(x® — y?2?) 0.014 0.58 99 73.6 + 5.80 30.6 + 19.7 | 18 18

y(x® — y?2?) 0.644 0.15 54 4.138 + 0.280 3.22 10 10

y((y + Da® —y22%) | 0.284 | 3.6 + 0.14 80 441.3 + 42.82 11 10

00000000(2)0 (2b) 0000000000000 (2b) 00000000000 (2b))
0000000000000000
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OO0 lecal b0 0000000000 DODOOOOOOO0OOOOODDOODODOOOOOODDODOO
O (Algorithm 2.3)00000000000000O0O0O0OOOO
localb.quo 0000000 OO0OOOO0Olocalbrr, localbnf 00000000000

’ f localb_quo | localb_rr | localb_nf ‘ locdeg ‘
T +y? + 2? 0.00612 0.0336 0.0416 1
22 4+ y? + 22 0.0119 0.0195 0.0370 2
3 4+ y? + 22 0.0226 0.0674 0.112 3
zt 4+ y? + 22 0.0384 0.109 0.191 4
x5 +y? + 22 0.0612 0.179 0.589 5
28 +y? + 22 0.129 0.326 1.89 6
7 4+ y? + 22 0.247 0.791 3.95 7
3 4 zy? + 22 0.0767 1.05 0.406 4
x4 2y? 4 22 0.184 0.643 1.35 6
x® 4 xy? + 22 0.247 0.791 3.95 6
23+ yt + 22 0.0767 1.05 0.406 7
23 + xy® + 22 0.184 0.643 1.35 8
23 45 + 22 0.173 0.694 1.13 9
z® 4+ 23y + 4P 7.06 7
zt 4 22y? + oyt 0.155 0.118 0.300 6
3 4 2%y? + o3 0.0932 7
x>+ + 23 0.112 0.0774 0.239 5
28 +yt 4 23 23.1 336 18
3 4222 0.144 0.24 0.535 7
(23 — y?22)? 3.99 66.2 30.0 14
x° — 222 0.817 1.72 3.31 13
x® — 223 3.53 17.0 13.1 17
23+ y3 — 3zyz 0.0946 0.702 1.14 5
23493+ 2% —3zyz | 0.0207 0.183 0.249 3
y(zd — y?2?) 6.10 171 79.9 18
y(z3 — y?2?) 0.711 5.91 7.83 10
y((y + 1)a® — y?22) 10.2 10

OO000ooO0o000oDOo0o00ooOo0o0OoooO0o00oDbO0oO00ooO0O0O0o0o0dlocalbquo O
O0000o00o000od Cle,s] 000000000000 OOOlocalbrr, localbnf 000000
23[3]DIZIDDDDD[II]DD[IDDDIZI[I[IDDDDDDDDDDDDDDDDDDDDDDDDD
OO000D0O0000D000D000000D000 MoraOOOOODOOOOO ﬁ[s]DDDDDDD
oboooOoboooooooboboooooboboooooboboooooboboooooboobn

gboooboood

23



6 UUUOUODO localb.rr JUUOOON

6.1 0O0OUO

00000 localb.rr DO0OO000O0O0O0O0O0O0O0O0OOCODOOCODOOODOOOOODOO AsirO
U00000000 localb.rr DODOOOOOOOOlocalb.rr OO0 orda000O0DOOODOO
Uobodb -norc0000O000O0O00COOO0OO0DOO0O0O00O0C0ODoxrd000O0OO0O0OOO
0000000000000 000000(00U0DO0O000Asir00000000O00O)000OOO
oobooOoOOoobOoOoobOooboboooboOooboooobooOoooboobooOoovLsbooonoonas
U<, 0o0boobobobooogobooog

nakayamaQorange2(91)=> asir -norc A
This is Risa/Asir, Version 20050726 (Kobe Distribution).
Copyright (C) 1994-2000, all rights reserved, FUJITSU LABORATORIES LIMITED.
Copyright 2000-2005, Risa/Asir committers, http://www.openxm.org/.
GC 6.5 copyright 1988-2005, H-J. Boehm, A. J. Demers, Xerox, SGI, HP.
PART 2.0.17, copyright 1989-1999, C. Batut, K. Belabas, D. Bernardi,
H. Cohen and M. Olivier.
[0] load("localb.rr");
1
[679] VL3;
[x,y,z,ss,s,dx,dy,dz,dss,ds]
[680] A3;
[0001011100]
[-1-1-100000001]
[0001000000]
[0000010000]
[00O0O0O001000]
[0O0O0O0000100]
[1000000000]
[0100000000]
[0010000000]
[00O01000000]
[0O0O0O00000O00O0]
[681] )

OO0 MoraOOODOOOOOOO (Algorithm 3.5) 000000000000 weylmoraOOOO
OO0 MoraOOODOOOOODOOOODOD

[2018] weyl_mora(x*y*dx*dy, [x*dx+x*y*dy,y*dy+x*y*dx],VL2,A25,V2);
[0,x" 2%y 2-2%x*y+1, [ (-x*y " 2+y) *dy+x*y, (X~ 2%y~ 2-x*y) *dy-x"2*y]]

0000002yd,0y O {20, +2ydy,y+0,+2yd,} 0000000000000 O000O0ODOOO
00 vie0 OO < 00000 A2sO(-1,1)-000000000O00COvVv200000000000O0
z,yOOOODOOOOODOvVL2, A2, v20O00000000000000000000O0000O000 ob
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0000000 1-22y+2%20000000000000000000000000O0O0000O0

(1= 2zy +2?y?)ayd.0y = {(—xy® + )9y + 2y} (20, + zy0dy) + {(2*y* — y) 0, — 2%y} (Y0, + 2ydy) +0
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Duyls) 00 0000000000000 O0DD000 moragrJ00000000Moral 00000
ooooboooboobobobooboooboon

4 N
[2075] J;
[xxy,-y*dy+x*dx,x*dx-ss]
[2076] mora_gr(J,VL2,A2,A25,V2);
Count : --> criterion O UOUOU
criB:0
criF:1
criM:0
[x*y,-y*dy+x*dx,x*dx-ss,y " 2*dy+y] y

0000000{xy,y0, + 20,20, —s} 00000 Dyuls) 0000000000000

{zy, —yOy + 20y, 0y — s,y26‘y + y}

oooO0O0O0O000000000000C00OCOOO0O000000 tangentconegr 1O0OOOOO
U000000OO0Omeragr OOOOO0O0O0O0O0ODO0OODO tangentconegr JO0OOOOOOODOO

O

gbooobooboood

-

[2026] J=jf (x"3+x*y+y~3);

[y~ 3+x*y+x~3, (y+3*x72) *dy+ (-3*y~2-x) *dx, (-y~3-x*y-x"3) *dx+(y+3%x"2) *ss,
(=9xx*xy~2+2%y) *kdy+ (-3*y~2-9%x " 2*y+x) *dx+ (27 *x*y-3) *s8,
(=3%y~3-2*x*y) *dy+ (-3*x*y~2-x"2) *dx+ (9*y " 2+3%*x) *ss]
0.01sec(0.008774sec)

[2027] tangentcone_gr(J, VL2, A2S, V2);

[y~ 3+x*xy+x~3, (y+3*x72) *dy+(-3*y~2-x) *dx, (-y~3-x*y-x"3) *dx+ (y+3*x"2) *ss,
(=9xx*xy~2+2%y) *kdy+ (-3%y~2-9*x " 2*y+x) *dx+ (27 *x*y-3) *s8,
(=3%y~3-2xx*y) *dy+ (-3*x*y~2-x"2) *dx+ (9*y~2+3*x) *ss,
(~y~2-3*x"2%y) *dy+ (2%y~3-x"3) *dx-y-3*x"2,
(—y~4+2%xx"3%y) *dy+ (-2*x*y " 3+x"4) *dx-3*y " 3+3*x"3,
(=6%y~3+3%x73) *ss5-6%y " 3+3*x"3,-9*y " 3*ss-9*y "3,

(27#x" 2%y~ 2xs5-9%y " 3) *dy+ (-18*y ~4+9*x " 3*y) *ss*dx+ (-18*y " 2+27*x"2%y) *s5-27*y 2,
(9*xxy~3-18%x"4) xss*dy+(27*x " 2%y " 2%8s-9%x " 3) *dx+ (27*x*y " 2-18%x"2) *s5-27*x"2,
(=9%y~5-9%x"3xy"2) *ss+9*x*y "3, (-9*%x " 2%y~ 3-9%x"5) *s5+9*x " 3%y,
(27*x*y~4+27*x"4xy) *SS-27*x" 2%y "2,

(27*x" 2%y~ 3*s5-9%y~4) *dy+ (-27*y " bxss+9*x*y~3) *dx,
(81xy~bxss5-54*x*y~3) *dy+(81*x*xy ~4*ss-27*x" 2%y~ 2) *dx+
(378*%y~4+135%x"3*y) *ss-216%x*y " 2]

0.01sec(0.01984sec)

[2028] mora_gr(J, VL2, A2, A2S, V2);

————— >J00000oopooooooo

~

J

OO000D0 mragr O00MoraOOO0D0OOOO0ODOOOOODOOOOODODOOOODOOOO

O

U tangentcone_gr UOUDODOUODOOOON
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O

local b0 0000000000000 OOUOOOOODOOO (Algorithm 3.13)00000000

00000 localbrr OO OO

//[2011] localb_rr(x*(x+1)*(y+1),VL2, A2, A2S, V2); h
J :
+XHX T 2+Xky+x " 2%y
-ss+dy+y*dy
+dy-x*dx+2*x*dy+y*dy-x"2*xdx+2xx*y*dy
Gr(J) : -->J 000000000 (tangentcone_gr2 O0ODO)
+x
-ss+dy+y*dy
+dy+y*dy+1
+y*xdy " 2+y " 2*dy " 2+2*xy*dy
+y~2*ss*dy " 2-dy " 2+2*y*ss*dy-2*y*xdy " 2-2*dy
compute global-b. --> global b ODOODO (bfct OODO)
ok : the remainder of global-b is O.
Oth challenge
Pick :ss”2+2%ss+1
length(GenL): 1
ss+l-->zero --> ss+1 OOO0OO0OO0OO0O Mora OODO
InL :1,NotInL :0
1th challenge
Pick :ss+1
length(GenL): 1
1-->non-zero --> 1 JUOO0OOOOO Mora OO
InL :0,NotInL :1
ss+1
9 [2012] )

0000000z(z4+1)(y+1) 0 local b 000 s+10000000000000000000D,[s]

OO00000O000D0OC0CO0OMora00OO0O0OO0ODOOOOglobalbDOOODOOOOODOODO
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O

O0000000000000 (Algorithm 4.10) 0000000000000 O0O localbnf OO

oo

-

[2470] localb_nf (xx(x+1)*(y+1), VL2, A2, A2S, V2, W2, 3, 10);

J

+XHX T 2+Xky+x " 2%y

-ss+dy+y*dy
+dy-x*dx+2*x*dy+y*dy-x"2*xdx+2xx*y*dy

Gr(J) : <--JQOOOOO0OO

+x

-ss+dy+y*dy

+dy+y*dy+1

+y*xdy " 2+y " 2*dy " 2+2*xy*dy

+y~2*ss*dy " 2-dy " 2+2*y*ss*dy-2*y*dy " 2-2*dy

NF :

+1<--10 Gr(J) OO0 100000000000
-1<--ss 0 Gr(J) OO0 to 0O0O0O0DOOOOO
+1 <--ss”2 0 Gr(J) OODO 1000000000OO
-1<--ss"3 0 Gr(J) O0OD0O to000DOOOODO
sol_space(4) <-- L_{4,10} O0O0O

[0000]

[1100]

[-1010]1

[1001]

sol_space(3) <-- L_{3,10} 0OO

L0001

[110]

[-101]

sol_space(2) <-- L_{2,10} O0O0O

[00]

[11]

sol_space(1l) <-- L_{1,10} O0O0O

(o]

BSum: <-- local b OO ODOO

ss+1

weyl_mora(BSum, G) <-- Mora 0O O O0OODOOOOODOOOOO

0
ss+1
[2471]

~

J

0000000 2(z+1)(y+1)0 local b000 s+100000000000000 localbnf O
00000000000 00000000000000000000000000000 sO0000

O

gooobooobooog
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0000000 local b0 0000000 OOO (Algorithm 23) 000000000

[1549] 1b2(x*(x+1)*(y+1));

comp psi(I): <-- psi(I) OO0

Osec(0.006666sec)

comp local intersection <-- K[[x]][s] J \cap K[s] OO0O
0.01sec(0.005521sec)

-s-1

[1550]

J

O00000s+10 local b0000000x(z+1)(y+1) 0 local b0 0000000000000
000 120000000
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62 0000000O0ODOUOO0O0OCOOO (DO0ODCOODOorder matrix0O O OO
gogon

Ubodbouodbodibdn lecalb.rr UUOUOOOOOOOOOOOOOOOOOO

e 0ODOOO (VL)
ss0 000000s0O (-1,1)000000dss, ds0 0000000

— 100000000 vie [x,ss,s,dx,dss,ds]

- 200000000 vL2 = [x,y,ss,s,dx,dy,dss,ds]
- 300000oooo ves = [x,y,2z,ss,s,dx,dy,dz,dss,ds]

e order matrix(A, B, C)
doo0oooooooboooooooooa
Dat,[s],Pls) 000D D000000<, (Section 3.1)0 <a, <3 (Section 3.2) 000000000
0000000000000000<$ (3.2)0 <3, <§ (Section 3.2) 000000
Ax [0 < OBx [0 <,0Cx0 <3 00000O0O0O0O0O0OALO 10000A20 20000A30 3
Oo00o0oeidB20B30CiOczOcI OO
Axs O <O Bxs O <sOCxs 0 <3 00000000COAISO 10000A280 20000
A3S 0 30 000B1sOB2sOB3sLcisOOcesicas oo ooo

odog A1, AlsO000000bOO00O00obOoo0ooob0obn

(r localb.rr ~\
VL1 =
[ x,ss, s,dx,dss,ds]$
Al=newmat (5, 6,
[
[0, 1, 0, 1, 0, O],
[-1, 0, O, O, O, O],
[0, 1, 0, 0, 0, O],
[o, 0, 0, 1, 0, O],
[1, 0, O, O, 0, O]
s
A1S=newmat (6, 6,
[
[1, 0, 1, O, O, O],
(o, 1, 0, 1, 0, O],
[-1, 0, O, 0, 0O, O],
[0, 1, 0, O, 0, O],
[0, O, O, 1, 0, O],
[1, 0, O, 0, O, O]
\‘])$ )

O000<,<j0000000D00000DO0O0O0D0O0O0 lexorder DODOOOODO
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e (-1,1)D0O0O0ODODOOOODOO
v* 0000000 v (Section 3.2) DOO0O
vy 0000000 (-1,1)000000000000000O00O0

T o Tpo oy s & e n
-1 - -1 1 =1 1 - 1

vidO10004avz20 20000vi0 30000
Vwx OOOOO0OO vy (Section 3.2) DO OO
vpb 0OOOOOO (-1,1) 0000000000000 0O0O0O0

T o wpo oy s & oo n
-1 -+ -1 0 -1 1 - 1

vwiglogoovwad 20000vw3d 30000
Vx [0 AxAxSODODO0ODOO0O0OVVx O Bx, Cx, BxS, CxS 0O 0000DOOONO

e cOODOOODO
WwxO0OOOOOO e (Section 4.5) 0000
eDDDDDDDDDDDDDDDﬁ[s]DDDDDDDDDDDDDDD

le DRI xn y 51 ... gn
o --- 0 1 1 - 1

will1gDooow2020000w30d 30000

6.3 MoraUUOUOUOUOUOOOOOOOO
e weyl mora(P, PL, VL, Ord, Vect)
OO0 :pPO00000,PLO000OC00O,VLO0O000,0rds 0000 order (<3,<5,<5 00

order), Vect (—1,1) 0000000000 0OO0O
OO0 . 000000000 @, 00 A, 00 ROOOO

AP = Q[O]PL[0] +--- + Q[N —1JPLIN — 1] + R
Q[i] # 0 = LM (Q[i|PL[i]) < LM< (P)
R#0=LM.(R) 0 LM(PL[{) 000000000000

O000<D0O0d00O00O0 sO00 order 0000 OOODOrdD <5000 <1 0O
OO0O0<5 000 <,0<3000 0000000 NOOOO pLOCOOODOO

00 : Mora0OODOOODODODODODAlgorithm 3.4) 00000000000000000000
00 0rd 0 <$,<5,<300000000000000 <4,<2,<3 00000 MoraO0O
0ooooooo

000 : P=32+48,+10 PL=[0,4+28,+2]0 <, 0000 MoraOOODOOODOO

[381] weyl_mora(dx~2+dx+1, [dx+x*dx+x], VL1, A1S, V1);
[<0>3<[0,1,3]>+(2)2<1>3]
[x,x+1, [dx]]
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P=2y0,0,0 PL=[z+y+0,,y+y*+¢°]0 <, 0000 MoraOODOOODOMMO
000 #,y0 21,2, 00000y 000000000

[392] weyl_mora(x*y*dx*dy, [x+y+dx, y+y~2+y~3], VL2, A2S, V2);
[<[0,2,3]>+(3)1<[1,2,3]>+(4)3<1>9<3>13<3>10]
[(3*xy~2+2%y+1) *x" 2+ (2xy " 3+y~2) xx,y " 2+y+1, [ (dy*y~3+dy*y~2+dy*y) *x, -dy*x~2-dy*y*x] ]

e dp_weylmora(P, PL, VL, Ord, Vect)

oo

ooo

oo

:pOOOO0OOCODOODOOOOOO,PLODOO0O0O0O0OO0O0DOOOOOODOODOOO,vVLO

0000, 0rd s 0000 order (<§,<§, <5 00 order), Vect (—1,1) 00000000
0ooooo

:0o00000oooog R

AP = Q[O]PL[0] + --- + Q[N — 1]PLIN —1] + R
Qli] # 0 = LM (Q[i]PL[i]) < LM (P)
R+#0=LM.(R) 0 LM(PL[{) 000000000000

OO000<DOO0rd0D0O00O0O sO00 ordereDO00OONODOODO PLOOOOODO

:MoraOOOOODOOOOOOAlgorithm 3.4) 0000000000000 OOOOOOO

ubgobodobgbod weylmora UUODOOOOOOOOOOOOOOOO0OOOO0OO
000000000000Dgy) 000000000000 meragr00000000
OMoraOOOODODOOODO

e weyl mora mod(P, PL, VL, Ord, VL, Prime)

oo

goo
RN

: P,PL,VL,0rd,VL 0 weylmora D00 O OOOPrime O GF(Prime ) 00000000

gooooood

: weylmora QOO

: weylmora 0 modular OO 0O0O

e dp_weyl_moramod(P, PL, VL, Ord, VL, Prime)

oo

ooo
oo

: P,PL,VL,0rd,VL O dpweylmora O0OO0OOOPrime O GF(Prime ) J0O0O00OO

ooooooooo

sdpweylmora 00 DOO0O0DOO0O00DOOOODOOOOOOODOOOD
: dp_weylmora 0 modular 00O Omoragrmod DO OODOODOOO

64 D, 000000000000

e mora gr(I, VL, Ordl, Ord2, Vect)

g

goo

I 000000000 000,vuO0000D0,0rd1 00 order 0O0OO0DOODOOODODODO

000 ,0rd20rd1 00000 s 0000 order, Vect (—1,1) 00000000000
go

:I0orderOrd1 OO OOOOOOOOO
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go
goo

: Buchberger 0000000 MoraOODOOOOOOO Dy, 00000000O00OOO
: Daiglss] (ss000000)00000 J=Dyylss]-{2*20,—2ss} 0 <o 000000

goooooo

[395] J=jf(x"2);

[x"2,dx*x-2*ss]

[396] mora_gr(J, VL1, Bl, B1S, VV1);

[0,1] :Rest O 000 index

N:2,bits of Nf:4 sU0U00O000000Odnd non-zero
Rest:2 gooon

LM: (1)%<<1,1,0,0,0,0>>,2 000 Leading monomial
[1,2]:Rest 1

N:3,bits of Nf:9

Rest:2

LM: (1)%<<0,2,0,0,0,0>>,2

[2,3]:Rest 1

[0,2] :Rest O

Count : criterion OO OO
criB:0
criF:0
criM:2

gooood

[x72,dx*x-2%ss, (2*xs8+2) *x, -2*dx*x-4*s8”~2-2*55-2]

e mora gr mod(I, VL, Ordl, Ord2, Vect, Prime)

go

ooo
oo

:I000000000000,vL0000D0,0rd1 00 order 0000000 O0ODOODO

000,0rd20rd1 00000 sOO00O0O order, Vect (—1,1) 000000000000
O, Prime GF( Prime ) 0000

:I0order0rdl OOOOOOOOOODODODOO
: mora_gr 0 modular O0Mora JOOO modular 00000000 DOOOOODOODOO

oboooooboooooobooon

e tangentcone_gr(I, VL, Ord, Vect)

oo

goo
oo

goo

. 1000000000000,VL00000,0rds0000 order (<, <§,<§ 00 order),

Vect (—1,1) 000000000OO0OOO

:I00rd00000 order(<y,<2,<3) 00000O000DO0ODO
:(-1,1) 0000000000 <, 0000000000000 0000O0O0OUoooo

<000000000000O00o0oO0oO(o0DoOOoUoUOoooooUoDOn)

s {xdy + 2y0y,yo, + 2y, } 0 <, 000000 OO0ODOO
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[2599] I=[x*dx+x*y*dy,y*dy+x*y*dx] ;
[xxy*dy+x*dx , y*dy+x*y*dx]

[2600] tangentcone_gr(I, VL2, A2S, V2);
[0,1]: 000 index
N:2,bits of Nf:4 SO0OO0O0O00O0OOO0O non-zero OO0
Rest:1 gooooa
[0,2]:
N:3,bits of Nf:2
Rest:2
[2,3]:
N:4,bits of Nf:5
Rest:3
[0,3]:
N:5,bits of Nf:2
Rest:4
[3,5]:
N:6,bits of Nf:3
Rest:4
[1,5]:
[4,6]:
N:7,bits of Nf:6
Rest:5
[3,6]:
N:8,bits of Nf:1
Rest:8
[0,6]:
. 0oo0ooooon

Count : criterion 0O OO
criB:10
criF:73
criM:33

gboooooboooooooboooon
+x*s*kdx+x*y*dy

+y*sxdy+x*y*dx

—X"2xyxdx " 2+xky T 2xdy " 2-xkyrdx+x*y*dy

+x 7 2xy*xdx-x*y” 2%dy

—x*y " 2%dxxdy+xky T 2xdy T 2+x*yrdx+xky*dy -y~ 2*dy
+X 7 2%y " 2xdy-x*y " 3*dy
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gooood
[xxy*dy+x*dx, y*dy+x*y*dx, x*y " 2xdy " 2+x*y*dy-x " 2xy*dx " 2-x*y*dx , —x*y " 2*dy+x " 2*y*dx
s e ]

6.5 Dy 000000000000
e whdiv(F, G, VL, Ord, N)

00 :FODOOOD,cOO000D000,VLO00000, Ordorder <,, NOOOOO
000 : 000000000 Q00 ROOOO

P=Q]G[0] +---+Q[M —1]G[M —1] + R
Qli] # 0 = LM< (Q[i]G[i]) < LM<, (P)
Qij00D000 N—|LE., (G[i]))-10000000RO0O0OO0O0 N-1000000000

OoooMDOOO GOOOO

OO0 : Weierstrass-Hironaka OO0 00000000000 43 000000d-appdivO 000
ooooo

obob:z20 1420 WHOOODOODOODODOOOO N=500000000

[377] whdiv(x, [1+x], VL1, A1, 5);
[[ x°5-x"4+x"3-x"2+x ],-x"6,0]
00000000z=(z—22+23—2%+2%)(14+2)-2 00000000000 (400
O000)0 z-2242°-2* 000000000000 4000000)0 00000

e d_app.div(P, G, VL, W, Ord, N)

00 :PO00000,¢0000000,VvL00000,Ww000000 eOrdorder<; NOOD

00

000 :000000000 Q,00 ROOODO

P=Q0G0O]+---+Q[M —1]G[M - 1] +R
Q[i] # 0 = LM, (Q[i]G[i]) < LM, (P)
Q00000 N-|LE.,(Gi])|]-1 0000000 ROODDODOO N-1000000000

ooooMOOOO GgoOOOOOO

~

OO0 :DPy]0000000D000000 46000000localb000000000 localbnf
goooood

000 :620 (142)9,+2 0000000000 N=5000000 4.7)

[2607] d_app_div(dx~2, [(1+x)*dx+x],VL1,W1,A1,5);

MO :2
M[0] :1
M[1] :1
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M[2] :3
Bound :10
[2’3’4’5,6’7,8}9’10}] [1,2’3,475’6’7’] [O’]

Check—================——=— 0000 (MO0O00)000

[[ (x°8-x"7+x"6-x"5+x"4-x"3+x"2-x+1) *dx-x"6+x"5-x"4+x"3-x"2+x-1 ],

—X"9%dx "2+ (—X"9+xX"7) #dxX-X"8+2*X " T-2%X " 6+2*x " 5-2%x " 4+2%x " 3-2%x " 2+2*x—1]

gooooood

P=(-z+2>+- 4+ -1—az+22— +2°)- (1+2)0+2)+
— 2992 =299+ 270 —1+22 — 222+ 223 — 24 + -+ 227 — 2B

0D0000000D0000 (000000000 4000000)0
—1+4 22 — 222 + 22 — 27

good

6.6 local b OO0 OOQOgOond
e localb_rr(F, VL, Ordl, 0Ord2, Vect)

OO0 . r000,vLO00000, 0rdl order <3 or <g or <3, 0rd2 0rd1 OOD0OODO sOO0OO
order, Vect s O OODOODOOODOONO,

oo00 : FO local b0 0O
OO0 :global b 00000000000 localb000000000D0O0O00 313000000
000 : 2%(x+1)°0 local b00 0000 (O 3.12)

[2598] localb_rr(x"2*(x+1)"3, VL2, A2, A2S, V2);
J

+x"2+3%x " 3+3%x"4+x"5

+2%ss+b*x*ss—x*kdx—-x " 2*dx

+2%5s5*%s " 2+b*x*kss*ks—x*kskdx-x"2%*dx
+xX"2%573+3*%x"3%s72+3%*x"4*s+x"5

.JOooooooo

Gr(J)
+2*xss+5*x*kss—x*dx—xX"2*dx
+xX72+3%x"3+3%x"4+x"5

+2*%xxX " 3*%dx+7*X"4*xss+3*x " 4kdx+4*x " 5*kss+x " 5*dx
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.JO0o0ooooooooon
compute global-b. global-b U DO UDN
ok : the remainder of global-b is 0. global-b OODO Gr(J) OODOODOO

O0th challenge

Pick :18%ss”4+4b5%ss”3+40%ss”2+1b5*ss+2 global-b OO
length(Genl) :4

6*%ss”3+11*ss”2+6*ss+1-->zero Gr(J) DODOOODOO oOOOO
6*ss”3+13%ss”2+9%ss+2-->zero

9%s55”3+18*ss”2+11*ss+2-->non-zero
18%ss”3+27*ss"2+13%ss+2-->non-zero

InL :2,NotInL :2

1th challenge

Pick :2*ss"2+3*ss+l  gcd(6*ss”3+11*ss™2+6*ss+1,6%ss”3+13*ss™2+9*ss+2) 0 0
u

length(GenL) :2

ss+1-->non-zero

2*%ss+1-->non-zero

InL :0,NotInL :2

local-b OO

2*%ss”2+3*ss+1

000 22(z+1)30 local b000 s+ 3s+5 0000000000

e localbnf(F, VL, Ordl, Ord2, Vect, W, Deg, N)

g

goo
go
ooo

:FO0OO,vL 00000, 0rdl order <7 or <s or <3,0rd2 0rd1 00000 sOO00O0O

order, Vect s 000000000 D0OO,WOOOOODO e,Deg0000DO0 (global b
O00000000),NOOUODO (D00 Deg+1)00

:FO local b 00O
: 0000000000 lecal 0000000000000 4.10000000
s 22 (y+1)%22 0 local b 000000 (O 4.11)

[1991] localb_nf(x"2*(y+1)~2*z~2, VL3, A3, A3S, V3, W3, 6, 7);
0.02sec(0.07359sec)

J:

+XT2%Z7 24 2%x T 2% ykZ T 24X T 2%y T 2%z 2

-dy+x*dx-y*dy

-x*dx+z*dz

-2xss+x*dx

—-x*dx+z*xdz
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+sxdy+y*dy-z*dz
+2*ss*s-z*dz
.Joobbobooo
Gr(J)
-x*dx+z*xdz
+dy+y*xdy-z*dz
+2xss-z*dz
-2*xy*xss*xdy+2*zxssxdz-z*dy*dz
+XT2%Z T 242X 2% y*Z T 24X T 2%y T 2%z 2
.JOoo0booooooo
NF : s 00000 G6r(J) ODOOOOOOOOODOO
+1
+1/2%z*dz
+1/4%z"2xdz"2+1/4*z*dz
+1/8%z"3%dz"3+3/8%z"2xdz"2+1/8*z*dz
-3/8%z"3%dz"3-31/16*z"2%dz"2-31/16%z*dz-1/4
+23/32%z"3%dz"3+135/32%z" 2xdz"2+157/32%z*dz+3/4
-9/8%z"3%dz"3-447/64*z"2*dz"2-555/64*z*dz-23/16

sol_space(7) OO0OO L_{6,7r OOO
[00000O00O0]

[ 1/4 3/2 13/4 310 0 ]

[ -3/4 -17/4 -33/4 -23/4 0 1 0 1]

[ 23/16 63/8 231/16 9 0 0 1 1]

sol_space(6) OO0OO L_{5,7} OOO
[0o0O00O0O0]1]

[ 1/4 3/2 13/43 1 0]

[ -3/4 -17/4 -33/4 -23/4 0 1 ]

sol_space(5) O0O0OO L_{4,7r OOO
[oo0000]
[ 1/4 3/2 13/4 3 1]

sol_space(4) 0O0O0OO L_{3,7ry O0OO
[0o000]

BSum: local-b JOOOO

S874+3%ss"3+13/4%s572+3/2*ss+1/4
[<2>18<2>20<2>25<2>30<[12,2,8]>+(20)38<19>90<19>103<2>118<2>118<2>117<2>122<2>
122<2>127<2>107<2>112<2>94<2>74<2>65<2>56<2>48<2>39<2>32<2>24<2>15<2>9]
weyl_mora(BSum, G)
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local-b OO
S874+3*s5"3+13/4*ss”2+3/2*ss+1/4

000002%(y+1)222 0 local b000 st 433+ 832+ 3s+ 10000
e 1b1(F), 1b2(F), 1b3(F)

oo :.rFr0O00Q,
000 : FO local b OO

OO0 : 0000 local b0 000000000000 (Algorithm 2.3) D00 0local b00 000
o0 ls000000000b00000000000004d

000 : 23+ +2yz0 local b0 00000

[1549] 1b3(x~3+y~3+x*y*z);

comp psi(I):

0.09sec + gc : 0.03sec(0.1837sec)
comp local intersection
0.05sec(0.06129sec)
-9%s~5-54%574-128%s"3-150*s"2-87*s-20
[1550]

6.7 utility
e print_poly(P, VL, Ord)

OO0 :pO0D0000,vLO0000, Ord order
OO0 :pOO0xd0000O0OOOO
000 : [400] print_poly(1+x~2+(x+1)"3*dx, VL1, Al);

+dx+3*dx*x+3*dx*x " 2+dx*x"3+1+x"2
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