Schwarzian derivatives and uniformization

Takeshi SASAKI and Masaaki YOSHIDA

In every textbook on elementary function theory you can find a definition of

Schwarzian derivative
172"\ 1 /2"\°
ta=5(5) -3 (%)
where ' = d/dz, of a non-constant function z = z(x) with respect to z. You would

also find an exercise to show

(0.1) [PGL(2)-invariance] If a, b, ¢, and d are constants satisfying ad — bc # 0, then

az+b
{cz—i—d’m} = {z;z}.

(0.2) {z;2} = 0 if and only if z(z) = (ax 4+ b)/(cz + d) for some constants a, b, ¢,
and d satisfying ad — bc # 0.

(0.3) [change of variable] If y is a non-constant function of x, then

{z:y} ={z2} (Z)Q + {z:y}.

(0.4) [local behavior] If z = % (a # 0), where u is a holomorphic function of x
non-vanishing at 0, then

1—a?  a function holomorphic at 0
{z2)=—7F+ ;
4x T

if z = log(zu), where u is as above, then

(20} 1 n a function holomorphic at 0
zixl = — .
’ 422 x

In this paper we discuss various generalizations of the Schwarzian derivative.
We start from recalling how it was found.
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1. A paper by H. A. Schwarz

Hermann Amandus Schwarz (1843-1921) is well known through Schwarz in-
equality, Schwarz’s lemma in elementary function theory, reflection principle, etc.
In his paper [Sch], he treated the hypergeometric differential equation

v y—(a+ B+ 1)xdu af 0

—_— —_—— Y =

dx? z(l—x) dr  x(1—x) ’
and studied conditions for the parameters (o, 3,) that every solution is algebraic,
and found explicit expressions of such solutions. Let us leave aside why he got
interested in such a problem, and follow his line.

Consider in general a 2nd order linear differential equation

d*u du
1 —_— — =0.
(1) Tz TP tau

Let u; and us be two linearly independent solutions, and put z = us/u;. One of
his main discoveries is the relation
15 1dp

(2) {2513}:@*1]0 T Sdr

between z and the coefficients of the equation. He proved this by a staightforward
computation: We can assume us = zuj. Substitute uy, = zu} + z'u; and uf =
zuf +22'u} 4 2" uy into uf + pub+ qua = 0, and use the identity v + puj +quy = 0.
We are led to 2z2'u) + (2" + pz’)u; = 0, that is,

" u/

z Ul
Differentiate both sides and we have

!
de(2) - Ly = ) (o — ) — (h)?
uy

z
o o 2
= 2q¢+2 <p1+ (1) ) .
U7 Uy

Since ) /u; is already expressed in terms of p and z, substituting this expression,
we obtain the above relation.
For the hypergeometric equation, the relation above appears to be
11— 1—p? 1+02- 22— 2
(3) {z0} = 5 + £,
dx 4(1 — x) 4x(1 —x)

where

A=1l-7, p=v—-a-p, v=a-p

On the other hand, the Wronskian usduy /dx — uydus/dz of the solutions uy
and us is equal to a constant times exp(— [ pdx), which, in the hypergeometric
case, turns out to be a constant multiple of 277 (1 — 2)Y~*=#=1 Thus if both u,
and us are algebraic, then v and « + 8 must be rational numbers. Applying this
argument after the change of variable x — 1/x, we know that all of «, (3, and 7
must be rational numbers.

He next considers a map

sz z(x) = ug(x)/ur (z),



SCHWARZIAN DERIVATIVES AND UNIFORMIZATION 3

which is nowadays called Schwarz’s s-map, and the s-image of the upper z-plane,
which turns out to be a triangle bounded by three arcs, is called Schwarz’s triangle.
The local behavior at 2 = 0 and 2 = 1 can be known by (3) and the property (0.4)
of the Schwarzian derivative (the change of variable x — 1/z leads also the behavior
at © = 00); this tells you the three angles of the triangle. Let us sketch his strategy:
Possible analytic continuation of s can be illustrated by repeated reflection images
along the arcs of the triangle. Since w; and ug are algebraic, so is s; thus these
reflection images cannot be chaotic. This would determine possible three angles of
the triangle and so the values of the three parameters.

There are two essential points in his paper: the formula (3), which is the origin
of the name Schwarzian derivative, and the map s. In the following we study these
by considering their generalizations. A survey of Shwarzian derivatives can be found
also in [MSY?2].

2. Normal forms of differential equations

Let us consider a system of linear differential equations in n variables x with
m unknowns u with rank (dimension of the solution space at a generic point)
r. Two such systems are said to be strongly equivalent if a change of unknowns
uj =y, k;ul takes one to the other, where det k; is a non-zero function of . Two
such systems are said to be weekly equivalent if a change of unknowns like above
and a change of variables x take one to the other.

Problem is to find a set of invariants for these equivalence relations. Invariants
should be functions of the coefficients of the equations.

Let us consider the simplest non-trivial case: n = m = 1 and r = 2, i.e.,
equations in the form

(1) v +pu +qu=0.

If we change the unknown as u — ku (this means ‘substitute u = kv into the
equation, derive an equation with unknown v, and then write u instead of v’), we

obtain
kl k/ k//
" 922 / o o —=0.
U +<p+ k)u+<q+pk+ k)u 0

If we choose k as a non-zero solution of (1), then the coefficient of u vanishes, and
moreover if we change the variable x into a non-trivial solution of this new equation,
then eventually the equation changes into u” = 0. Therefore, any equation (1) is
weakly equivalent to u”” = 0; so there is no invariant in this case. Thus we consider
the strong equivalence class represented by the equation (1). If we choose k as above,
the survived coefficient p + 2k’/k would serve as an invariant; but unfortunately
this quantity is not determined uniquely by the coefficient of the equation (1). If we
choose k so that the coefficient of w’ vanishes, then the survived coefficient can be
luckily expressed in terms of p, ¢, and their derivatives; indeed, using k' /k = —p/2,
we have
Kk 15, 1,
qJFpEJF?:(I*ZP 5P
which is exactly the Schwarzian derivative {z;z} according to (2). This can be
paraphrased as follows: In the (strong) equivalence class of the equation (1), there
is a unique equation without the term u’, the coefficient of u is given by (2), the
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Schwarzian derivative. In other words, for a given function ¢(z), the non-linear
equation

{z2} = q(2)
can be solved as z = ug/uy, where u; and uy are linearly independent solution of
the linear equation

v’ +qu=0.

We present several lucky generalizations and a semi-lucky case in this note.

3. Geometrical treatment

Schwarz’s s-map suggests a geometrical counterpart of a system of linear dif-
ferential equations in n variables x with m unknowns u with rank r: the map

srxr—up(x): - ur(x) € Gr(m, 1),

where u1,...,u, are column m-vectors giving linearly independent solutions, and
Gr(m,r) denotes the Grassmannian variety

GL(m)\{m x r-matrix of rank m};

in particular Gr(1,r) = P"~!, the (r — 1)-dimensional projective space. Note that
the group GL(r) acts naturally on Gr(m,r) (from the right); in other words, the
group GL(r) is the group of motions of Gr(m,r).

Note that two strongly equivalent systems define the same s-maps, up to the
group of motions, and that two weekly equivalent systems give rise to the same
images under the s-maps, up to the group of motions.

The problem in §2 can be geometrized as follows: For two maps from the x-
space to Gr(m,r), decide when they are the same up to the group of motions. The
weak version of this problem is given by replacing ‘they’ by ‘their images’.

The solution in case m = n = 1 and r = 2 is given as follows: For given maps s;
and sy both from z-space to P!, the maps s; and s, are related linear fractionally
if and only if {s1;2} = {s9;2} .

In general the study concerning the problem above is called geometry of sub-
manifolds or projective differential geometry.

We only have quite restricted results, some of which we present in this note.

4. m =n = 1: Projective curves

We consider maps of 1-dimensional source space to the target P"™~!. Since such
a map is called a curve, the problem is to find invariants for curves in the projective
space up to the projective motion group PGL(r).

An analogous problem is often taught and solved in an undergraduate course:
A set of invariants of curves, curvature and torsion, in the euclidean 3-space up to
the group of rigid motions appear as coefficients of a normalized equation (called
Frenet-Serret equation). Our problem is an variant of this problem; we utilize
projective motions in place of rigid motions.

This is solved by Halphen, Laguerre and Forsyth; a modern treatment can be
found in [Sea]. Let us summarize their results when r = 3, that is, when the target
is the plane P2. A curve in the plane can be expressed by a system of homogeneous
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coordinates as u(x) = wug(z) : ui(z) : ue(x). The differential equation for the

unknown u

u/l/ u// u/ U

" 1 /
G I
" 1" li -
wl" ul u] w
" " !
UQ ’U/2 U/2 u2
admits ug, u1, and us as solutions. If
uy uy U
1 /
uf up o w | #O0,
uy  uh  us
that is, if the curve is nondegenerate, then the equation has the form
" " !/
u"” 4+ pru’ + pou’ + psu = 0.

Conversely, for a 3rd order linear ordinary differential equation, three linearly inde-
pendent solutions give rise to a plane curve; other choice of solutions give another
curve which is projectively equivalent to the old one. The equation above for a
given curve u is not unique either, indeed, though pu where p is a non-zero function
gives the same curve as u, the corresponding differential equation changes. It is
easy to see that a suitable choice of p makes the coefficient of u” zero. Let us write
the resulting equation as
v + Pou' + Pyu =0,

where the coefficients can be expressed as rational functions in py, ..., ps and their

derivatives (parallel computation as in §2). Now take a solution f(z) of the equation
1

@ (b= 4P

and change the variable z into y = f(z), and take a new unknown w = f’u, then
the equation with unknown w and variable y is of the form

(5) — +Rw =0,

actually R = (P3 — P5/2)/(f")3. In this way, a plane curve determines uniquely an
equation of the form (5).

Moreover, since any solution of (4) is expressed linear fractionally by f, the
parametrization of the curve determined by (5) has exactly a freedom of PGL(2).
In this sense, a plane curve carries a natural projective structure.

Anyway in this case the quantity R (expressible as a rational function of
P1,...,p3 and their derivatives) serves as a complete invariant of curves for the
weak equivalence relation. Precisely speaking we should take Rdy® rather than R
itself. An immediate but important consequence is that R vanishes identically if
and only if the curve is a conic. A generalization of this statement will be given in
87.

For general r > 3, a similar argument is known as Laguerre-Forsyth’s theory.

5. m=1and r =n+ 1: Projective structures
In this section, we find invariants for non-degenerate maps
r=(z ..., 2") —u(z) =u(z): - u"(z) € P"

under the group PGL(n + 1) of motions of P™.
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JFrom the middle of the 19th century, study of systems of linear differential
equations admitting algebraic solutions became popular. Algebraic functions are
mult-valued, not easy to handle. So they wanted to derive, from the coefficients
of the equations, rational functions in the unknown, which are single-valued after
substituting (multi-valued) algebraic solutions. Around 1870, several people such
as J. Liouville, P. Pepin, L. Fuchs, F. Klein, F. Brioschi, C. Jordan, and E. Goursat
tried to make a general theory. Schwarz’s paper introduced in §1 solved this problem
for the hypergeometric equation. P. Painlevé studied this problem for equations for
which m =1, n = 2, and r = 3. (cf. Notes by Painlevé on 1887.5.31, and by E.
Goursat on 1887.5.16 in Comptes Rendus.) Historical background can be found in
[Bou]. Let us follow their line. Consider a (non-degenerate) map

(2,y) = (z,w),
which is multi-valued in a linear fractional way:

az+bw+c adz+bw+c
a”z+b”w+c”’ a”z+b”w+c” :

(o) (20) =

Find simple relations in z, w, Z, W, and their derivatives with respect to (z,y),

which are independent of the coefficients a, b, ¢, @/, . ... Their results are as follows:
Put
ZpaWe — WepZa WyyZy — ZyyWy
I(z,w)=——"—"—, Jzw)=—T"—""",
ZpWy — WeZy ZpWy — WaZy
ZappWy — WazpZy + 2(ZayWe — WayZs)
M(z,w) = )

3(2pwy — Wy zy)

WyyZy — ZyyWay + 2(Way2e — ZayWsz)

N =
(z,0) 3(22wy — Wy zy)

then
I(z,w)=1(Z,W), J(z,w)=J(Z W),

M(z,w) =M(Z, W), N(z,w)=N(ZW).

They called these expression the fundamental differential invariants. Note that the
(original) Schwarzian derivative involves 3rd derivative, but these invariants involve
only derivatives up to 2nd order.

Next, for the map (z,y) — (z,w), define functions u°, u', and u? as

2

-1/3 1
/3, u = zp, u” = wp.

w =p= (zzwy — zywy)
Note that the map can be regarded as the map
(x,y) —1:2z:w=1u":u':u?cP?

to the target space P2. It is very important to realize that the factor p is so
chosen that any linear fractional transformation of (z,w) causes (u°, u', u?) a linear

transformation. Let us derive differential equations, with unknown u, satisfied by

u?, u!, and u?:

Ugy Uy Uy U Ugy Uy Uy U
ud, Ul u? u | 0 ul,  ud ug u | 0
ul, ul ug ul | Uy, uy ug ul |
ui, uiouy u? ui, uiouy U’
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A Y
u%y ugf u% ul —0
ugy Uy, ug u
2 2
Uy, Uy Uy U
The coefficients of gy, Uy, and uy, are
0o ,0 ,0
N o Py P 5
ug ug u2 =] ugp uyp 0 |=(p)°(uzvy —uyvy) = 1.
Uy Uy U Ugp Uyp O
The other coefficients turn out to be as
Upw = Muy — Tuy + Au,
Ugy = —Nugy— Muy+ Bu,
Uyy = —Juy+ Nuy+ Cu,

where
A:Q(M2+IN)—Mm+Iy, B=1J—-MN+ M, + N,
C’:Q(NQ—i—JM)—Ny—i—Jx.

The computation above can be summarized as follows: For a given map
s:(z,y) 0’ 10! 10? € P2

1 2

one can find a non-zero function p such that u® = pv°, u! = pv!, and w2 = pv

solve a system

Upy = PrUg + q1Uy + riu,
Ugy = P2Ug + q2Uy + rou,
Uyy = P3Uz + g3Uy + 73U,

satisfying

p1+q =0, q3 +p2 = 0;
the coefficients p;, g;, and r; are uniquely determined by s, and can be expressed
in terms of z = v!/v? and w = v?/vY; these give the relation between the solutions
and the coefficients.

Let us formulate this argument in general for n > 2; formulae will be shorter.
We consider a map

Denote the Jacobi matrix by
i) = (), jf=0:"/oa,

and set JF(z,7) = 0x%/0z'. We assume that s is non-degenerate, that is, det j(z, ) #
0. Putting

U(va) = +110g detj(z,x), O'i(Z7l'): %a
8224
’ij(zax) = W‘Jf(zvx)a
L

we define the Schwarzian derivatives of z as

Sk (z;2) = vfj(z,x) — 6Fay(2,2) - 5;-“01-(27:10).
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Note that if n = 1 this expression is just zero, and that if n = 2 they coincide
the fundamental differential invariants above. Easy to check that

Sf(zie) = Sfi(z2), Y Sk =
k
Let us compare the properties of these derivatives with those of the original Schwarzian
derivative (cf. (0.1),...,(0.4)). We have (cf. [Y1])
(6.1) [PGL(n + 1)-invariance]
SE(Azz) = Si(z;2), A€ PGLyy1.
(6.2) Sfj(z; x) =0+ z = Az

(6.3) [change of variables] If y is another set of variables,

SE(ziy) = Y Splz2)if ()52 () I (2, y) = Sf(x5).

p.a,r
(6.4) [local behavior] If a map = = (x!,...,2") — z = (21,...,2"), n > 2 ramifies
along 2 = 0 as
1 ya, 1 2 2 n n 0z ya-1
Z(x) = (@)%, ) =07, 2N 2) =0 e = ()

where v7(1 < j < n) and u are holomorphic not divisible by z'. Then for 2 <
i?j’ k S n7

a—1

kyf.. k
Si{zx}, Slj{z x} +0; +1 gt 751 {z;2},
—la-1
Sllj{z;x}a mlel{z;x}, Sn{z T} — ntl 2l
are holomorphic. Logarithmic ramification implies a = 0.
Let us state the conclusion obtained:
Conclusion: Two maps 2; and 2o from the z = (x!,..., 2™)-space to P™ are pro-

jectively equivalent if and only if

Sfj(zl;x) = Sfj(ZQ;x), L, jh,k=1...,n

If we put p = (det j(z,z))~ Y+ then u® = p, u' = pz!, ..., u™ = pz"™ solve
the system
(7) Z Shug + Shu
where

1 0 gk 0 k
Sy = n_1 Z SiwSej — Z Ok Sij |5
0,k k

this is the relation between the solutions and the coefficients.
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6. The uniformizing equation of the moduli space of the marked cubic
surfaces

As an application of the relation between the solutions and the coefficients given
in the previous section, we present in this section a system of differential equations
which gives a uniformization of the moduli space M of the marked cubic surfaces.

Let us recall just an essence of cubic surfaces. Any non-singular cubic surface
in P3 can be obtained from P2 by blowing up six points, such that no three points
are collinear and no conic passes through the six points. The marking means, in
this setup, just the numbering of these six points. Let us represent these six points
by a 3 x 6-matrix, where the j-th column gives homogeneous coordinates of the
j-th point. Since no three points are collinear, we can assume that the first four
points have the coordinates 1 :0:0,0:1:0,0:0:1, and 1:1: 1; so the matrix
is of the form

1 001 1 1
(8) 01 0 1 gzt 22
00 1 1 a3 z*

The assumption on the six points can be now stated as the non-vanishing of

4
D(): =][2'(" 1) (@' —2?)(a" — 2%)(2® — 2*)(a® — 2*)
j=1

x (lzt — 222 {(2! — 1) (2? = 1) — (22 — 1)(23 - 1)}
x {zt(z? — 1)(2® — 1)a* — (2! — D223 (z* — 1)}

The moduli space M of the marked (non-singular) cubic surfaces can be identified
with
{z=(2',...,2%) € C*| D(z) # 0}.

In [ACT], for each cubic surface S(z) determined by € M, they considers five
periods u®, ... u* of S(z) (precisely speaking, periods of the triple cyclic cover of
P3 — S(z)), and shows that the (multi-valued) map

s: M3z ul(z): - ut(z) e P*
has its image in the 4-ball
By={1:2': 2 e P |2 P 4+ |22 < 1},

and that the inverse map is defined on By and is single-valued. This can be para-
phrased as ‘the moduli space M is isomorphic to the quotient of B4 under a discon-
tinuous group acting on it’ or simply ‘the moduli space admits a complex hyperbolic
structure’.

Now we are ready to apply our Schwarzian derivatives. The period map s above
should be a Schwarz map of a system, say E, of differential equations defined on
M. Analogous stories such as ‘elliptic curves and the hypergeometric equation’,
‘certain curves admitting a cyclic automorphism group and Appell-Lauricella’s hy-
pergeometric equation’ (see [Y2]), and ‘a 4-parameter family of K3 surfaces and
the hypergeometric equation of type (3,6)” (see §8) have been known and loved,
and these fed many mathematicians. So if we can explicitly know the system F,
that would be a lot of fun.
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Let us denote the Schwarzian derivatives Sf](s,x) of the period map with re-

spect to x = (2%, 22,23, 2%) b Sf],

UU_Z ukJr

where the coefficients S’?j can be determined by Sfj as is explained in §5. Important
is that since the Schwarzian derivatives are invariant under PGL(4), the coefficients
Sfj must be rational functions in z with poles only along the divisor D(x) = 0.
Moreover the poles along this divisor are fairly restricted by the local properties
(6.4), since it is known that the period map s ramifies along this divisor with index
3.

then the system E should be expressed as

This information is sufficient to determine E, however it needs a complicated
computation. If we recall a classical fact that the moduli space M admits a regular
action of the Weyl group of type Eg, and require E to be invariant under this group
action, then the computation becomes much simpler. We do not dare tabulate all
the coefficients of F, but we show just one of them:

4
sh =5 [[#6@ — - @ =)' — a9 - o) )

J>:< zl(z! —1) -2 (z* — 1) (2! — 23) (2! — 2?)/D(2).

On the other hand, as is suggested in [MT], this system E has a relation with
Appell-Lauricella’s hypergeometric differential equation. Indeed, E can be obtained
from Appell-Lauricella’s system of type D in nine variables with special parameters
by restricting this system on a 4-dimensional subvariety, extracting from this re-
stricted one a subsystem of rank 5, and finally performing an algebraic coordinate
change on this subsystem; for more detail, see [SY3] and [SY4].

7. m=1and r = n + 2: Conformal structure

We consider systems in n variables x = (x!,..., 2™) with an unknown u of rank
n+ 2 (cf [SY2]). When n = 1, these are equations for plane curves studied in §4.
Let us regard one variable say, x™, special and write the system as

Ou 0%u g Ou 04 .
(9) Oxi0xI = ij Oxloxm + ZAU ox k + A (1 < [2%i < n)

where
9ij = Gji» gin =1, Af; = AF AL =AY Af =AY, =

i) ji
and assume det g;; # 0. The normahzatwn factor is defined as

o Ju ou  0%*u
=det (W, =——,..., 70—, —5— |,
Ox! oxn’ Jxldzn
where u is a column vector consisting of (n + 2) linearly independent solutions;

this quantity is independent of the choice of u up to multiplicative constants. By
multiplying a suitable function to the unknown u, we can assume that the condition

det(eegij) =1
holds.

This system is said to satisfy quadric condition if the image of the Schwarz map

x> u(r) € P
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is contained in a certain quadratic hypersurface.

We assume n > 3; we studied already the case n = 1 and, when n = 2, the
situation is a bit different (see [SY1]). Then the main result is as follows: If the
system satisfies the quadric condition, then the coefficients are expressed as rational
functions in g;; and their derivatives:

Aik = ng - gikrjina A?k = —Sik + GikS1in,

where sz and S;; are the Christoffel symbols and the Schouten tensor of eggij =:
hij. They are defined as follows:

] ,,
I, = 3 Z B (R g, + hiri — hika),  dhi = Z hi pdz®.
! %

Let R ;5 be the Riemannian curvature tensor:
. 1 . . .
dr] = wf A, = 3 > R dat ndat, wl = T dat
k k,l k
The Ricci and the scalar curvatures are defined by
Rij=) R, R=) hRj
l i,J

respectively, and finally the Schouten tensor (relative to h;;) is defined as

1 R
Sik = —— (Rik - 2(711)}%) -

8. The uniformizing equation of the moduli space of a 4-dimensional
family of K3 surfaces

We present a system of differential equations which gives a uniformization of
the moduli space X of the K3 surfaces obtained as double covers of P2 branching
along six lines, that no three lines meet (cf. [MSY1], [Y2]). Let us represent six
lines in the plane by a 3 X 6-matrix, where the j-th column gives coefficients of the
linear equation of the j-th line. Since we can assume that the first four lines are
defined by t! = 0,t?> = 0,13 = 0,t! + %>+t = 0, these matrices are of the form (8).
The assumption on the six lines can now be stated as the non-vanishing of

4
Di(z): =[]+ —1)- (@ —2?) (2" = 2®)(a® — 2*)(2® — 2*)
j=1
x (wlzt — 222 {(2! = 1) (2? = 1) — (22 = 1)(23 = 1)},
and the moduli space X can be identified with
{z = (2!, 2%, 2%, 2%) € C* | Dy(x) # 0}.

Let K3(z) be the surface obtained by desingularizing the double cover of the plane
branching along the six lines parameterized by € X. On each surface K3(x), there
are exactly six linearly independent 2-cycles, say ~o(z),...,7v5(x), and a unique
holomorphic 2-form, say ¢(z) up to multiplicative constant. The period map

zr—ul(x) - u(x) € PP, where ! (z) z/ o(x)
75 (<)
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happens to have its image in a hyperquadric. The system of differential equations
is of the form (9) in the previous section; so all the coefficients can be expressed in
terms of the coefficients g;; of 0?u/0z'dx*. They are given as

zt — 2B xt —ad 1
12 = 7 5 13 = 7 5 14 =

. 3 — gt x? — gt
g23 = 923 = 5, 934 =

) 12 — g4’ 73— pd’

g = - -
(1 —a21)  2l(xl —23)  2l(al —a2)’
— k h 1 2 d 3 4 .
go2 = make exchanges x* < z* and z° < z* in g11,
g3z = make an exchange 22 < 2% in goo,
gas = make an exchange 2! < 2% in ¢11.

On the other hand, it is known that this system is equivalent to the hypergeometric
system E(3,6; a1, ...,a6) of type (3,6) with parameters o; = 1/3.

9. n=1 and r = md: Systems of ordinary differential

equations of order d

Let us consider a system of ordinary differential equations with m unknowns
u= *(uy,...,un) of order d

d—1
(10) u@ =3%" pu®.
k=0

Under a transformation of unknowns
(11) v=FKu, K= (k(2))i<ij<m, det K #0,
the system (10) is transformed into

v = (KP4 dK)K v~ 4 ...
Choosing K so that KP; + dK’ = 0, we can assume
(12) P, =0.

Change of variable y = f(x) together with the transformation (11), then the system
(10) changes into

(f/)dv(d) + ad(f/)d—Qf//V(n—l) + (bd(f/)d—sf/// + cd(f/)d—4(f//)2)v(d—2) 4o

= Ku'¥ 4+ dK'ald-D 4 MK//U(YL—Q) 4.
2 b)
where
d(d—-1) d(d—1)(d—2) d(d—1)(d—2)(d—3)
ad:T7bd=T7cd= 3 .

From this, we get

(f/)dv(d) — (d(f/)d—lK/K—l _ ad(f/)d—Qf//)v(d—l) + (f/)d—QISQV(d—Q) 4
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where
7 "\ 2 "
(13) PQZKPQKilfbd‘fff/*Cd <l§/) +dad_1%K/K71
—d(d-1)K'K'K'K™' + @K”K‘l.

Hence, to preserve the condition (12), K must be of the form
K = (fH=b/2p, B : a constant matrix.
On the other hand, from (13), we have

trP  dd-1)(d+1),, trPy
= 5 {fizh+——=.

m

Thus, by choosing f satisfying trP, = 0, we get the following conclusion:
1. The system (10) can be normalized as
P =0 and tr P = 0.

2. A transformation of unknown u and that of variable preserving this condition
has the form
ar+ 0

y_’}/x+57

v =(yz+6)'"?Bu, (B:a constant matrix).
3. Under this transformation, the matrix-valued quadratic form Pdz? changes

only by a conjugate action of B.

We can moreover see that the ¢-differential form
i—2 a\ '
Ri = jzzg)aid' (d.’b) Pi_j(dl‘)z (7, Z 2),

where
gy = (—1)] (21 —J- 2)!.(n —i+j)!
glii—7—=1)!

are also invariants up to conjugation of B. ([W],[Sea]). Note that when m = 1,
trPy = 0 implies P, = 0, of course. When m = 1 and d = 3, the conclusion above
reduces to that in §4, where projective curves are studied.

When m = 2 and d = 2, our argument can be translated into the geometry of
ruled surfaces in P3. In fact, four(= 7 = md) linearly independent solutions

0 3
<U(1)) <Ué>
e ,

Ug Us

up = (ul,...,ud) and up = (ul,...,ud)

viewed as two curves

define a ruled surface swept by lines joining uq(x) and ug(x); these lines can be
thought of points in Gr(2,4).
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10. n=m? and r = 2m: Systems modelled after Gr(m,m?)

The reader might think that for any m, n, and r, there would be some analogue
of the Schwarzian derivative. Unfortunately things are not so simple. In this section,
we consider a seemingly simple case: systems of linear differential equations in m?
variables 2% (1 < i,j < m) of rank 2m with m unknowns u*(1 < k < m) and the
changes K of unknowns

(wh) — (S Kful),  det(K}) #0;
1

two systems related under such changes are said to be equivalent ([SY5], cf.
[SYY]). As the ratio of two linearly independent solutions of 2nd order ordi-
nary differential equation defines a map (the Schwarz map) from the z-space to
the projective line, any 2m linearly independent solutions of our system defines a
map from the z = (z%)-space to the (m,2m)-Grassmannian variety Gr(m,2m);
two equivalent systems define the same Schwarz map. We assume that this map is
non-degenerate. We shall show that we can follow the classical argument to some
extent but not to the quite same.

The system in question is an innocent analogue of the classical model case
(n =1,m = 1,7 = 2m), we just replace scalar variable and scalar unknown by
m X m-matrices. Or, this can be seen as a generalization of the case treated in §9 of
order d = 2 to a high dimensional source space. When m = 2, since Gr(2,4) can be
embedded in P? as a quadratic hypersurface, the uniformizing equation of the K3
surfaces presented in §8 can be transformed into a system modelled after Gr(2,4).

Let us regard one variable, say z'', special and write down our system as
k _ kol kol
Uit = 2o 0q uy + 0 G,

Ukz] = > a?jl ulby + Y, bf’jl ut,
1 <k,l,i,j <m, where f;; stands for df/9z%, and
k k k
ajy =9, by =0.

The Schwarz map of the system E is non-degenerate if and only if m
determinant

E =E,(a,b,a,p)

2 x m2-

W = det(agj)i.5), (k)
does not vanish identically.
The transformation

uk —>ZKlkul, det K} #0
!

changes the coefficients a as
ain = DK el (K,
in other words,
A =(af) - KAK™!, af = Zafﬂ dz",
and « as
A= (af) — 2K.q + KAK ™"

Thus we can normalize the system as A = 0, but still remains a freedom of
transformations K satisfying K.;; = 0; this implies that the survived coefficients
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of this normalized system can not be expressed by the coefficients of the given
system E. Nevertheless we can control the system: we can extract a set of essential
coefficients as follows.

Under the assumptions W # 0 and AA A # 0, where A = (af), the coefficients
a determine the other coefficients b and 8 up to adding an exact 1-form dk(z),
where k() is independent of z!1, to bt (i = 1,...,m). This ambiguity is caused by
the scalar transformation K = k(x)I,.

Hence we have the following conclusion: Two systems F,,(a, b, «, 3) and E,,(a, b, @, B)
are equivalent if only if there is K such that

A = K_IAK7 K = (Klk)v A= (a;ﬁ% af = Zai?jl d.’L‘ija
provided that W # 0 and A A A # 0.

11. Generalizations in different context

The Schwarzian derivative is used in the theory of univalent functions and in
the study of the Teichmiiller spaces. A fundamental fact known as Nehari’s theorem
can be stated as

If a function z holomorphic in |z| < 1 is univalent, then
{22} < 6(1 —[2*)7>

Conversely if
{zi 2} <201 —[2*)72,

then z is univalent in |z| < 1.

This leads to the boundedness of the Bers embedding of the Teichmiiller space.
Kobayashi-Wada [KY] defined a variant of the Schwarzian derivative for non-
degenerate maps between two Riemann manifolds, and established a generalization
of Nehari’s theorem.

On the other hand, Sato [Sat] studied obstructions for 2nd order ordinary
differential equations y” = f(z,y,y’) to be reduced to the equation " = 0 under
transformations of (z,y)-space, and found that the obstructions can be expressed in
terms of the fundamental differential invariants I, J, M, and N appeared in §5. He
moreover derived obstructions for 3rd order ordinary differential equations "' =
f(z,y,y/,y") to be reduced to the equation y”” = 0 under contact transformations
of (z,y,y')-space, and called them contact Schwarzian derivatives.
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