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1. � �� � � �

Antoni van Leeuwenhoek (1632-1723 �

• �  �	 
 �� � � �� � � �� �  � �� � �� 	 �� �

� �� �� � � � ! � � " # � � �

Robert Brown (1773-1858)

• � � � �� �� �	 
 �� � � � $
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1. � �� � � �
Albert Einstein (1879-1955)

• � � �
	 �� c � � p �� � �� c � ��

” �� a �� \ � �� � c � p � ”

(X Y  ! "
# $ % & �� ' \ () a * no + )

Jean Baptiste Perrin (1870-1942)

• Einstein Y , -c . / "0 1 . 2

Norbert Wiener (1894-1964)

• 3 45 67 89 :; h % � � �
	 �� c � � ' "< =
4



2. (1) �� � � � 1

�� � �� � �c �� %

1	 
a m p �� =
1

6

2	 
a m p �� =
1

6

3	 
a m p �� =
1

6

4	 
a m p �� =
1

6

5	 
a m p �� =
1

6

6	 
a m p �� =
1

6

 � . � 	 �� � � & ^� o � o 	 
a m p �� &� � [ &\ $ 0 � [ � p�

� + ^�� � [� # � 0 �\ �� �� �� "0 � % &  ! � p�

1j k 6	 
c �� 1
6" # " � p 	 & , # $ 	 +% 	 &' ( � p�
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2. (2) �� � � 2 � � 1
2 � 


1 � 


1 2 3 4 5 6

1 1/36 1/36 1/36 1/36 1/36 1/36
2 1/36 1/36 1/36 1/36 1/36 1/36
3 1/36 1/36 1/36 1/36 1/36 1/36
4 1/36 1/36 1/36 1/36 1/36 1/36
5 1/36 1/36 1/36 1/36 1/36 1/36
6 1/36 1/36 1/36 1/36 1/36 1/36
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2. (2) �� � � 2 � � 1

X1 =(1 � 
 "m + 
 ) X2 =(2 � 
 "m + 
 )

X2 = 1 X2 = 2 X2 = 3 X2 = 4 X2 = 5 X2 = 6

X1 = 1 1/36 1/36 1/36 1/36 1/36 1/36
X1 = 2 1/36 1/36 1/36 1/36 1/36 1/36
X1 = 3 1/36 1/36 1/36 1/36 1/36 1/36
X1 = 4 1/36 1/36 1/36 1/36 1/36 1/36
X1 = 5 1/36 1/36 1/36 1/36 1/36 1/36
X1 = 6 1/36 1/36 1/36 1/36 1/36 1/36

X1, X2 &7 8� �; �� o p�
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2. (3) �� � � � 1� h � 1

�� � �c � 1� h � p�
Xn =(n � 
 "m + 
 )

X1, X2, . . . , Xn, . . .

1j k 6	 � c ; p � � � � 	 � ��
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2. (4) �� � � � 1	 �� � �

Sn = X1 + · · · + Xn

� �� �� ( �� 	 
��  
� � ) �

• Sn

n

n→∞−→ 7

2
( �� � ) �

�� �� � ��

• Sn − 7
2n

√
n

n→∞−→ � �� � ( � �� � ) �
� � !#" �$ % & '(
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2. (5) � � � ��

� �� � � % � 	
 �

� �( �� =
1

2

�  �( �� =
1

2

� � � � �� �� � 
( � �� � �
•� �� � � � % 	
 : � �   ! �� & ��
• � � % "� # �$ � %& ' (

�( � # # & ) *+ �� �
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2. (6) � � � 2 � ��

� � % � 2 � 	
 � � � � � (1 � � ,2 � � ) � � �

( � , � ) �( �� =
1

4

( � , � ) �( �� =
1

4

( � , � ) �( �� =
1

4

( � , � ) �( �� =
1

4
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2. (6) � � � 2 � ��

� � % � 2 � 	 
 ( �
X1 =







+1 1 � � �

−1 1 � � � X2 =







+1 2 � � �

−1 2 � � �

(X1, X2) = (+1,+1) �( �� =
1

4

(X1, X2) = (+1,−1) �( �� =
1

4

(X1, X2) = (−1,+1) �( �� =
1

4

(X1, X2) = (−1,−1) �( �� =
1

4

X1� � � X2 ) �� ��  � � ' ( �
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2. (7) � � � � �� � ��

� � % � � �� � 	
 ( �
Xn =







+1 n � � �

−1 n � � �

X1, X2, . . . , Xn, . . .

+1 � −1� � � ( �� �� � � �	
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2. (8) � � � �� � �� ��

Sn = X1 + · · · + Xn
� � � �� ( �� 	 
��  
� � ) �

• Sn

n

n→∞−→ 0 ( �� � ) �

�� �� �� �

• Sn√
n

n→∞−→ �� � �� � ( � �� � ) �
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3. � � �� �� � �
Sn = X1 + · · · + Xn

S0 = 0

Sn = Sn−1 + Xn (n = 1,2, . . .)

n �� � �� 	 {Sn} �� 	
 � � � � �  �� � � � �� �� � � �� �

� � n�  � � � � % � 	
 � �






�  � � � � � � � %�� �� � �

�  � � � � � � � %�� �� � �

15



3. � � �� �� � �

(n, Sn) �� � � � �� � �� � �� 	
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3. �� �� �� � �

(n, Sn) �� � � � �� � � � �
 �� �� � �� � (t, S(t)) � 	
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3. �� �� �� � �� �	 
�

�� �� �� � � � �� � � � � (t, S(t)) �

x �� �� 1

N

�� �� � y �� �� 1√
N

�� �

� � � � � (t, S(N)(t)) � 	
  

S(N)(t) =
S(Nt)√

N

N �! "
 � #$ 
 �% &' 	( ?
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S(1)(t) =
S(1t)√

1

19



S(2)(t) =
S(2t)√

2

19



S(3)(t) =
S(3t)√

3

19



S(4)(t) =
S(4t)√

4

19



S(5)(t) =
S(5t)√

5

19



S(6)(t) =
S(6t)√

6

19



S(7)(t) =
S(7t)√

7

19



S(8)(t) =
S(8t)√

8

19



S(9)(t) =
S(9t)√

9

19



S(10)(t) =
S(10t)√

10

19



S(11)(t) =
S(11t)√

11

19



S(12)(t) =
S(12t)√

12

19



S(13)(t) =
S(13t)√

13

19



S(14)(t) =
S(14t)√

14

19



S(15)(t) =
S(15t)√

15

19



S(16)(t) =
S(16t)√

16

19



S(17)(t) =
S(17t)√

17

19



S(18)(t) =
S(18t)√

18

19



S(19)(t) =
S(19t)√

19

19



S(20)(t) =
S(20t)√

20

19



3. �� �� �� � �� �	 
�

S(N)(t) � N → ∞� � $ # � �� �� 	  

�� �	 B(t) 
� � �� � � � 	  

S(N)(t)
N→∞−→ B(t) ( � �� � )

�� � �� � � � �� � � 	 � �� � �  

� � �� �� B(t) � � � � �� � �  

(1) !" 1� B(t) � t� # $% &  

(2) '( �) *� + ,( - � . &  
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4.� � �� �  � � � ��

� � �� �� B(t) � � � � ' t� % & � �� 
 � �� � � � ��  

�� 	 � � � � �� �� � 
 � � �� � �  
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4.� � �� �  � � � �� (1) � + � � �

� � 1 � 	 � � � �� �� � 
 (B(t) : 0 ≤ t ≤ 1)� � $ # �

R = ( + � �� � 	 � 
� ) =
( + � � �� �  � 	 � � )

( � � 	�� � )

Betting!
∣

∣

∣

∣

R − 1
2

∣

∣

∣

∣

≤ 1
4 or

∣

∣

∣

∣

R − 1
2

∣

∣

∣

∣

> 1
4 ?

� �� ��� �� � 	 � �
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4.� � �� �  � � � �� (1) � + �� �

� � �
	 �� � � �� � � �� � �� �� �

S1, S2, . . . , Sn� �� �� �� � �  ! Zn� "# Rn =
Zn

n

$ %'& � �

• 1 step: P

(∣

∣

∣

∣

R1 − 1

2

∣

∣

∣

∣

≤ 1

4

)

= P (∅) = 0.

• 2 steps: P

(
∣

∣

∣

∣

R2 − 1

2

∣

∣

∣

∣

≤ 1

4

)

= P (Z2 = 1) =
1

4
.

• 3 steps: P

(
∣

∣

∣

∣

R3 − 1

2

∣

∣

∣

∣

≤ 1

4

)

= P (Z3 = 1,2) =
3

8
.
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4. � � � � � � � � � �� (1) � � �� �

�� ( 	 
� � � �� � )� R =
(� � �� � � )

( � � � )
0 ≤ a < b ≤ 1 � � � �

P (a ≤ R ≤ b) =
2

π

{

sin−1
√

b − sin−1√
a
}

=

∫ b

a

1

π
√

x(1 − x)
dx

�� P (R ∈ [a, b])� ��  ! � [a, b]� " b − a #%$ & � ' ��  

! � [a, b] # 1

2
(=! � [0,1]� () ) * +, - � ./ 01 2 �
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4. � � � � � � � � � �� (1) � � �� �

� �	 � � � �� � �
 � �  

P

(∣

∣

∣

∣

R − 1

2

∣

∣

∣

∣

≤ 1

4

)

=P

(

1

4
≤ R ≤ 3

4

)

=
2

π

{

sin−1

√
3

2
− sin−1 1

2

}

=
2

π

{

π

3
− π

6

}

=
1

3

P

(
∣

∣

∣

∣

R − 1

2

∣

∣

∣

∣

>
1

4

)

=
2

3
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4. � � � � � � � � � �� (1) � � �� �

� � ��� �� � ��  / � � � �� 2� �

	 
� � �� �� �� � � �� �

�� * * � + �  
� �	 � � � �� � �
 � �  

� � ��� �� � � #� � � �� � � � � "# �

�� � �� �� �  �  �! " �
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4. � � � � � � � � � �� (2) � � �� �� ��

�� � � � ��� �� � � B(t)� t � �� � �	 �� 1 


. �� / 2 � � � � �� �� ��

�� �� � � � ��� �� � �� �� 	 � � � �� 	 � �  �  !" � 	 � ��
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4. � �� � � �� �� �	 (2) 
 � �� � ��

� � ��� �� � 
 � �� � �� � �

� � ��� �� � � � ��  ! � �" �� #

� � ��� �� $ %& �  � '( )� # � * � +, & *�

-. / � � ��� �� � 
� ( 0 1 � !" 2 � ) 34 56 �  7 8 :

9 ! � λ > 0 ' : � � B(λt)√
λ

law
= B(t)
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4. � �� � � �� �� �	 (2) 
 � �� � ��

� � �� �� �� � �� ��

34 56 �  7 8 �	  
 � � �� � 	 � � �

�� �� � : � � �	 � � ��� �� �� � � �� �� �   ! * �

� � ��� � � � �� � � � :

� � �	 � � ��� �� � “ " #$ ' ”� � � �� �� �   ! * �
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4. � �� � � �� �� �	 (2) 
 � �� � ��

� � � � �� � �� � �� 	
 � � �
 � � �� � �� p.35� p.36� p.C2 � �
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5. �� �� � ��

� � 	�
 � � �� ( �� 1 �� �� �� � � �� � ) �� ��  

� ! �" #

�� $� %& '( )* � � � �� % +, � � �" � - �.

/ � 01 2 3 # �� 4 56 % +, 7 8.
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5. �� 6

r > 0, h > 0 � � �. � � �� 6 % +, �.

Zn − Zn−1 = rhZn−1, Z0 = 1

Zn = (1 + rh)Zn−1 � ! �� �� � �� 6 � �� ( #

Zn = (1 + rh)n

32



5. �� 6
Zn − Zn−1 = rhZn−1, Z0 = 1

Zn = (1 + rh)n

N %� � � � ' # h =
1

N
� � �.

(0, Z0), (h, Z1), (2h, Z2), . . . % �� �� � � � � � % (t, Z(t)) � �	 .

Z(t + h) − Z(t)

h
= rZ(t), t = nh, n = 0,1, . . ..

Z(t) =

(

1 +
r

N

)Nt

33



5. �� 4 56
N� � � � # h =

1

N

.
N → ∞ ⇐⇒ h → 0+ � � � �� 8 � �� ?

Z(t + h) − Z(t)

h
= rZ(t), t = nh, n = 0,1, . . ..

dZ(t)

dt
= rZ(t), Z(0) = 1

Z(t) =

(

1 +
r

N

)Nt
=







(

1 +
r

N

)
N
r







rt

Z(t) = ert
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5. �� 4 56
Z(t) = ert

dZ(t)

dt
= rZ(t), Z(0) = 1

�� 4 56 1 � � ( #� 6 �1 � � % � 8 �

dZ(t) = rZ(t)dt, Z(0) = 1

�� 4 56 � �� 4 56 � �� � ! �.

Z(t) = 1 + r
∫ t

0
Z(s)ds
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5. �� �� 6

�� � �� � �� 	
 % +, � :

Xn =







+1 n� �" �
−1 n� �" 

X1, X2, . . . , Xn, . . .

+1� −1� � % �� 1

2

3 � � � � �� � � � � ��
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5. �� �� 6

X1, X2, . . . , Xn, . . .

Zn − Zn−1 = rZn−1

√
hXn, Z0 = 1

Zn = (1 + r
√

hXn)Zn−1

Zn =
n
∏

k=1

(1 + r
√

hXk)

37



5. �� �� 6
Zn − Zn−1 = rZn−1

√
hXn, Z0 = 1

Zn =
n
∏

k=1

(1 + r
√

hXk)

Sn = X1 + · · · + Xn

N %� � � � ' # h =
1

N

� � �.
(0,

√
hS0), (h,

√
hS1), (2h,

√
hS2), . . . % �� �� � � � � � % (t, B(t))

(0, Z0), (h, Z1), (2h, Z2), . . . % �� �� � � � � � % (t, Z(t))

Z(t + h) − Z(t) = rZ(t) {B(t + h) − B(t)}, t = nh, n = 0,1, . . .
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5. �� �� 4 56 ?

Z(t + h) − Z(t) = rZ(t) {B(t + h) − B(t)}

h → 0+ � � � �� 8 � � � ?

Z(t + h) − Z(t)

h
= rZ(t)

B(t + h) − B(t)

h

dZ(t)

dt
= rZ(t)

dB(t)

dt
???

� �� �� " � � . � � �� �� � 	 B(t)� �� � �  !!!
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5. )* �� � ��
Z(t + h) − Z(t) = rZ(t) {B(t + h) − B(t)}

h → 0+ � �� �� 8 �� � ?

)* $� � �� � '( �� �� � .
Z(t) = 1 + r

∫ t

0
Z(s)dB(s)

!� �� � � % # � 6 �1 �	 � � �	 .
dZ(t) = rZ(t)dB(t), Z(0) = 1

� � % )* � � � �� � � 8.
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5. )* �� � ��

�� 6 % � � ��
Zn =

n
∏

k=1

(1 + r
√

hXk)

� # nh = t � '( h → 0+ � ' � � �� ?

logZ(t) =
n
∑

k=1

log(1 + r
√

hXk)

� �� � �� � � log(1 + x) = x − 1
2x2 + · · · %	 � ( #

logZ(t) =r
n
∑

k=1

√
hXk − 1

2
r2

n
∑

k=1

(
√

hXk)
2 + · · ·

=r
n
∑

k=1

{

B(kh) − B((k − 1)h)

}

− 1

2
r2h

n
∑

k=1

(Xk)
2 + · · ·

=rB(nh) − 1

2
r2nh · 1

n

n
∑

k=1

(Xk)
2 + · · ·
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5. )* �� � ��

�� 6 % � � ��
Z(t) =

n
∏

k=1

(1 + r
√

hXk)

� # nh = t � '( h → 0+ � ' � � �� ?

logZ(t) =rB(nh) − 1

2
r2nh · 1

n

n
∑

k=1

(Xk)
2 + · · ·

=rB(t) − 1

2
r2t · 1

n

n
∑

k=1

(Xk)
2 + · · ·

h → 0+ � � � � # n → ∞ 7 �

1

n

n
∑

k=1

(Xk)
2 → 1 ( � � � � � )

� �� � � � � -� � � � � 	 � � 
 � � � � � � �� :

logZ(t) = rB(t) − 1

2
r2t
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5. �� �� � ��

�� �	 � ��

dZ(t) = rZ(t)dB(t), Z(0) = 1

� � � 	

logZ(t) = rB(t) − 1

2
r2t

�� �� 	

Z(t) = exp

{

rB(t) − 1

2
r2t

}

� �� 	
 � � � � � � �� � � �

� � � � � �� �� �� �� �� �  ! " #$ % &' () *� + ,- . "/ � �
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5. �� �� � ��

� � 	� �� 	 
) ��
Z(t) = exp

{

rB(t) − 1

2
r2t

}

 �� � � �� �� �� � - . � �  � �� �� �� ��

dZ(t) = rZ(t)dB(t), Z(0) = 1

� �� � � �   � !� � �" #! ?

$� % & � �� ' #  �

dZ(t)

dt
= Z(t)

(

r
dB(t)

dt
− 1

2
r2
)

 () � + ,* ! " ( .  +
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5. �� �� � �� �� � � ��

�� (� � � �� )� ( 	
 �� �  	 %  � #  )

df(Y (t)) = f ′(Y (t))dY (t) +
1

2
f ′′(Y (t))(dY (t))2

� � � 	 
) � �

Z(t) = exp

{

rB(t) − 1

2
r2t

}

� . � �

f(x) = ex, Y (t) = rB(t) − 1

2
r2t Z(t) = f(Y (t))

 � � �� � � � �� - � � �
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5. �� �� � �� �� � � ��

�� (� � � �� )�
df(Y (t)) = f ′(Y (t))dY (t) +

1

2
f ′′(Y (t))(dY (t))2

Y (t) =rB(t) − 1

2
r2t

dY (t) =rdB(t) − 1

2
r2dt

(dY (t))2 =

{

rdB(t) − 1

2
r2dt

}2

=

{

rdB(t)

}2

− 2

{

rdB(t)

}{

1

2
r2dt

}

+

{

1

2
r2dt

}2

=r2dt + 0 + 0

(dB(t))2 = dt, (dB(t))(dt) = 0, (dt)2 = 0  . #� � �
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5. �� �� � �� �� � � ��

�� (� � � �� )�
df(Y (t)) = f ′(Y (t))dY (t) +

1

2
f ′′(Y (t))(dY (t))2

f(x) = ex, Y (t) = rB(t) − 1

2
r2t, Z(t) = f(Y (t))

dZ(t) =df(Y (t))

=f ′(Y (t))dY (t) +
1

2
f ′′(Y (t))(dY (t))2

=Z(t)

{

rdB(t) − 1

2
r2dt

}

+
1

2
Z(t)r2dt

=rZ(t)dB(t)
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